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Abstract of “ Large Deviations and Quasipotential for finite state mean field inter-
acting particle systems ” by Wei Wu, Ph.D., Brown University, May 2014

We study a general class of mean field interacting particle systems with a finite
state space. Particles evolve as exchangeable jump Markov processes, where finite
collections of particles are allowed to change their state simultaneously. Such models
arise naturally in statistical physics, queueing systems and communication networks

literatures.

In the first part of the thesis, we establish a large deviation principle for the
empirical measure process for the interacting particle systems. The approach is
based on a variational representation for functionals of a Poisson random measure.
Under an appropriate communication condition, we also prove a locally uniform large
deviation principle. The main novelty is that more than one particle is allowed to
change its state simultaneously, and so a standard approach to the proof based on
change of measure is not possible. Along the way, we establish an LDP for jump
Markov processes on the simplex, whose rates decay to zero as they approach the

boundary of the domain. This result may be of independent interest.

In the second part of the thesis, we focus on the mean field interacting particle
systems that only admit single particle jumps. Under the assumption that there
exists a unique stationary measure, we construct a Markov chain approximation of
the quasipotential function associated with the equilibrium. This is the first example
of the Markov chain approximation for problems with non-quadratic running cost

(but still convex in the control), which may also have singularities near the boundary.
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Markovian particle systems on finite state spaces under mean-field interactions arise
in many different contexts. They may appear as approximations of statistical physics
models in higher dimensional lattices (for various type of spin dynamics, see [33], and
references therein) and kinetic theory [25]. Recently, this type of model also appears
in modeling communication networks [1], [21], [23], [38], and game theory [22]. The
dynamics of these particle systems have the following common features: a) particles
are exchangeable, that is, their joint distribution is invariant under permutation of
their indices; b) at each time, some group of finitely many particles can switch their
state simultaneously; ¢) the interaction between particles is global but weak, in the
sense that the jump rate (of each group of particles) is a function of the initial and
final configurations only of the group of particles, and the empirical measure of all
particles. The precise dynamics of the Markovian n—particle system we consider are

described in Section 2.1.

Due to the exchangeability assumption, many essential features of the state of
the particle system can be captured by its empirical measure, which evolves as a
jump Markov process on (a sublattice of) the unit simplex. Under mild assumptions
on the jump rates, standard results on jump Markov processes (see [34]) show that
the functional law of large numbers limit of the sequence of n—particle empirical
measures is the solution to a nonlinear ordinary differential equation (ODE) on the
unit simplex. The ODE also characterizes the transition probabilities of a certain
“nonlinear Markov process” [26] that describes the limiting distribution of a typical
particle in the system, as the number of particles goes to infinity, and is commonly
referred to as the McKean-Vlasov limit. The first question we address is the sample
path large deviation properties of the sequence of empirical measure processes as the
number of particles tends to infinity. In the case of interacting diffusion processes,

such an LDP was first established by Dawson and Gartner in [9]. The sample path
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large deviation principle over finite time intervals has a number of applications,
including the study of metastability properties (via Freidlin-Wentzell theory [20]),
or to quantify the fact that a Gibbs measure may evolve into a non-Gibbs measure
(i.e., no reasonable Hamiltonian can be defined) under stochastic dynamics (which

is called the Gibbs-non Gibbs transtions in [39]).

Large deviations principles for jump Markov processes are known if the jump
rates are Lipschitz continuous and uniformly bounded away from zero (cf. [36]).
In this case, the large deviation rate function admits an integral representation in
terms of a so-called local rate function. However, this condition is not satisfied by
our model. Specifically, as the empirical measure approaches the boundary of the
simplex, its jump rates along certain directions converge to zero. Nevertheless, we
show that (under general conditions on the jump rates), the sequence of empirical
measure processes satisfies a sample path LDP with the rate function having the
standard integral representation. Under mild conditions, we also establish a “locally
uniform” refinement [36], which characterize the decay rate of the probabilities of
hitting a convergent sequence of points. Such result is of relevance only for discrete
Markov processes (and not for diffusions) and does not follow immediately from the
LDP. Indeed, we provide an example (Example 3.1.26 in Section 3.1.4) where the
sample path LDP holds, but its locally uniform refinement does not. The locally
uniform refinement is shown in [7] to be relevant for the study of stability properties
of the nonlinear ODE that describes the law of large numbers (LLN) limit. All the
main results of this paper are formulated for a more general class of jump Markov
processes on the simplex whose rates diminish to zero at the boundary, and the

interacting particle models are obtained as a special case.

Other works that have studied large deviations for jump Markov processes with

vanishing rates include [35], [30] and [3]. However, the results in [35] impose special
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conditions on the jump rates near the boundary, which do not apply to our model (see
Appendix A). On the other hand, the method in [30] and [3] are adaptations of the
argument used by Dawson and Gartner in [9], which crucially relies on the fact that
the measure on path space induced by the interacting n—particle process is absolutely
continuous with respect to that induced by n independent (non-interacting) particles,
each evolving according to a time inhomogenous Markov process. This property does
not hold when multiple particles jump simultaneously. Simultaneous jumps are a
common feature of models used in many applications (see Example 2.4.3 and also

[38] and [18, Chapter §]).

The large deviation upper bound follows from general results in [13] (see Section
3.4). The subtlety is to prove the large deviation lower bound. Our strategy for the
proof is based on a variational representation for the n—particle empirical measure
process and a perturbation argument near the boundary. The starting point of our
variational representation is a representation formula for the functionals of Poisson
random measures [6], and an SDE representation of the empirical measure process
in terms of a sequence of Poisson random measures. However, the state dependent
nature of the jump rates leads to a somewhat complicated variational problem. We
use the special structure of the SDE to simplify the representation formula. The
perturbation argument takes inspiration from [15], where an LDP was established
for a discrete time one dimensional Markov chain. Our model is higher dimensional,
where the perturbation argument becomes substantially more intricate, and geom-
etry comes into play. The variational representation that we establish holds more
generally for jump Markov processes with bounded jump rates, and could be useful

for obtaining other asymptotics.

In the situation when the law of large numbers dynamics of the Markov process

has multiple attractors in a domain, the system typically spends a long time in a small
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neighborhood of an attractor and rarely makes an excursion away from it. After a
long time and multiple excursion attempts, a large fluctuation occurs and makes one
of these attempts succeed, so the system approach one of the other attractors. Such

phenomena of noise induced rare jumps between attractors is called metastability.

The work of Freidlin and Wentzell establishes the connections between large de-
viation principle and the metastable properties of the underlying Markov process. A
key notion in their framework is the so called quasipotential, which has a representa-
tion takes the form of calculus of variations (as an exit problem). The quasipotential
provides important information that can be used to study transitions of the inter-
acting particle systems between different regions of the domain. It provides the
asymptotic descriptions of the likelihood of a path and the exit distribution from a

domain (at the level of exponential rates) when such a transition happens.

In most cases, one cannot obtain an explicit solution for the quasipotential, and
therefore a numerical approximation is needed. A standard method for the construc-
tion of approximations in optimal control problems is the Markov chain approxima-
tion method. This method is based on directly approximating the controlled process
that appear in the variational problem by a finite state controlled Markov chain,
and define an analogous minimal cost function as the approximation. This method
has been used in the context of [28], [29], [4], [16] and so on, and is especially useful
when the corresponding PDE characterization (Hamilton-Jacobi-Bellman equations)

is not well defined or difficult to work with.

There are many standard cost structure for which the convergence of the Markov
chain approximation as the discretization goes to zero is well known. However, our
cost structure is novel, in the sense that the linear quadratic structure (and strict

positivity) of the running cost no longer hold, and the boundary of the associated
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exit problem is a singleton. We adapt the method of [29] and [4] in our setting,
and in an upcoming work [17] we prove a convergence result of the approximation

problem.

The outline of this paper is as follows. In Chapter 2 we set up the mean field
interacting particle system, and describe a few examples in the literature that fit into
our framework. Chapter 3 is devoted to the proof of the large deviation principle for
the empirical measure process for such interacting particle systems. Some technical
details are deferred to Appendix B and C. In Chapter 4, we restrict to the mean
field interacting particle system with single particle jumps. We construct Markov
chain approximations of the quasipotential function associated with the stationary
measure of such interacting particle systems, and give a proof of convergence. Finally,
in Appendix A we briefly describe why the conditions in [35] do not apply to our

large deviation problem.
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CHAPTER TWwWO

The Interacting Particle Systems
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2.1 Model Description

Here we introduce the finite state mean-field interacting particle system. Consider
an n-particle system in which the state of each individual particle takes values in
the finite set X = {1,2,...,d}. Let P (X) denote the space of probability measures
on X. We identify P (X) with the simplex S = {p € R¢ : p; > 0, Zle pi = 1}
and endow S with the topology induced from R?, so that P (X) is equipped with
the Euclidean norm |-||. Define P, (X) = {2 3" 4, : 2 € X"} C P(X), where 6,
represents the Dirac mass at x. Then P, (X') can be similarly identified with the

lattice S,, =S N %Zd.

For each i = 1,...,n, let X% () be the state of the i*! particle at time t. We as-
sume that the sequence of processes X™ (-) = {X" (t) = (X" (t),..., X™" (t)),t > 0},
n € N, are defined on a probability space (2, F,P). Each X" (-) evolves as a cadlag,

X™-valued jump Markov process. The associated empirical measure is denoted by

n 1 -
ol (t,w) = E Zl 5Xi,n(t7w), t>0,we.
In subsequent discussions, we will often suppress the dependence on w.

The possible transitions of X™ are as follows. It is assumed that there exists
K € N such that at most K particles jump simultaneously. When K = 1, then
almost surely at most one particle can instantaneously change its state. If the particle
changes its state from i to j, for some 7,5 € X, the transition rate is assumed to
be I'l; (1" (t)), where {I"" (z) ,z € S} is a family of nonnegative d x d matrices, and
to be consistent with a convention used when K > 1 we set I'Z (z) = 0. In the
case of general K, for each 1 < k < K, an ordered collection of k£ particles among

all possible ordered k—tuples of the n—particle system can simultaneously change
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its configuration from i = (i1,..,ix) € X* to j = (j1, ..., jr) € X*, where i; # j;, for
Il =1,...,k. Note that it is possible that several particles may be in the same state.
Let

TE={(1.§) € X* x X* iy £ jifor 1 =1,....k}

be the collection of all possible pairs of initial and final configurations for an ordered
k—tuple of particles. At time ¢, the rate of a simultaneous jump of a k—tuple from
ie X*toje X*is given by Fﬁ" (1™ (t)), where {T"" (z),2z € S} is a family of
nonnegative d* x d* matrices with Fﬁ" (r) = 0if (i,j) ¢ J*. We also assume the
jump rate is independent of the ordering of the particles: if Sy denotes the group of

permutations on {1, ..., k}, then

e () = Fik?)g(j) (x), foranyn e Nk=1,...,K,x € S and 0 € S. (2.1.1)

2.2 Dynamics of the Empirical Measure Process

If the initial condition is exchangeable, then it is clear that the n—particle system
described above is exchangeable, and thus its state can be described by the empirical

measure p".

The empirical measure process {u" (t),t > 0} is a cadlag jump Markov process
that takes values in S,,. We now identify its generator L,. Let {e;,i=1,...,d}
represent the standard basis of RY. When K = 1, the possible jump directions of
©" (+) lie in the set 2Vy, where V; = {e; — ¢;, (i, j) € J'}. Moreover, the number of

particles in state ¢ when the empirical measure is equal to x € S, is nx;. Hence, the
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jump rate of " (-) in the direction 1 (e; — ¢;) is n:clflljn (x), and L,, takes the form
L@ =n X ot @ (et te-a)-rw] ez
for any bounded function f : S, — R.

In the general case when K € N, for 1 < k < K, i = {iy,....ix} € X*, n € N
and x € S, let y € X" be a collection of n particles whose empirical measure is x.
Define Ag (n,i,x) to be the number of ordered subsets of {1,...,n} of size k, with
the property that if (ji,..., k) is the subset, then (y;,,...,y;.) = (i1,...,4), i€,

the ' particle in the subset is in state i;. Then Ay (n,i, ) takes the form

k
Ay (n,i,z) = n” Hzil +0 (n*), (2.2.2)

=1

where the error term is non-zero when the states {z’l}le are not all distinct.
For k=1,...,K and i € X*, denote ¢; = Zle ei,, and define V = UK | Vi, where
Vie={e—e (i,j) € jk}.
We call v = e; — ¢; the jump direction associated with (i, j).

Lemma 2.2.1. The generator of the Markov process {u™ (+)} is given by

L @) =S > af @) [ f (;p + %ej - %ei) g (z)} (2.2.3)

k=1 (ij)eTg*

for any bounded function f : S, — R, with

1
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Alternatively, the generator can be written as

2 =n3 () {f (a: + %v) _y (z)} , (2.2.5)

veY

where

Z > o (). (2.2.6)

(eJ_)SJ’;

5—ei
Proof. Define an equivalence relation ~ on J* as follows: for (i1,j;), (i2,j2) € J*,
(i1,j;) ~ (i2,jo) if and only if there exists o € Si such that o (i;) = iz, 0 (j1) = jo
Let [i,j] denote the equivalence class containing (i, j), [j k} denote the collection
of equivalence classes, and define S [i,j] = {0 € S, : 0 (i) =1, 0 (j) =j}. Since the
particles are assumed indistinguishable, when (i, j;) ~ (i2,j,), the jump associated
with (i1, j;) coincides with the jump associated with (is, j,). Therefore, given (i, j) €

J*, the number of distinguishable ordered k—tuple transitions from configuration i

Ak (’I’L,i,fﬂ)
1S [1,3]]

to j is equal to . By the permutation symmetry (2.1.1), we can set F[LJ] ()=

Fﬁ" (), and the generator of the Markov process {u™ ()} is given by

for any bounded function f : S, — R.

An alternative way is to write the generator (2.2.7) as a sum over J* rather

than over [J*]. Noting that |[i,j]| = we can rewrite (2.2.7) as in

ISkl . K
ISk [1.4]] Sk [1.4]] 7

(2.2.3). O

We will state and prove our results in the formulation of Markov processes with

generator (2.2.5); the precise implications for the original n—particle system are
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described in Section 3.1.4.

2.3 The Law of Large Numbers Limit

The functional law of large numbers (LLN) result for general interacting jump pro-
cesses was established in [34] (see also [27]). Since the properties of the law of large
numbers trajectory will be used in the large deviation proof, for completeness we

present a proof for our interacting particle system (Theorem 2.3.2) in Section 3.3.3.

The following condition is used to obtain a unique law of large numbers limit.

Condition 2.3.1. For each v € V, there is Lipschitz continuous A, : S — R such

that \I' (+) converges uniformly to \, (+) on S.

We also define

M= sup A, (z) < oc. (2.3.1)

veEV, €S

We now state a well known law of large numbers result for the sequence of

processes {4"}, e [34].

Theorem 2.3.2. Assume the family of jump rates {\}(-):v € V,n € N} satisfy
Condition 2.53.1. Also, assume p™ (0) converges in probability to py € P(X) as n
tends to infinity. Then {u™ (-)}, oy converges (uniformly on compact time intervals)
in probability to p (-), where p (+) is the unique solution to the nonlinear Kolmogorov

forward equation

) =Y vd(u(t), 1(0)= po. (2.32)

veY
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We now describe the LLN limit for the interacting particle systems. We first state
an assumption on the rates {Fﬁ" (),4,j) € Ik k =1,...,K,n € N} that implies

Condition 2.3.1.

Condition 2.3.3. For every k = 1,.., K and (i,j) € J*, there is T, : S — R

such that for every x € S and sequence x, € S,, n € N, such that lim,, o x, = x,
k o 1: k—117k,n . . k.n .

I (#) = limp—oo " 75" (20), and the family of rate matrices {I';" (-)} satisfies the

permutation symmetry (2.1.1). Also, each ofj (-) is Lipschitz continuous, where

y n—oo 9

k
: n 1
ok (z) = lim of" (z) = ] H:Eilffi (x). (2.3.3)
1=1

Given a Markov process with generator (2.2.3), one can always define a single

particle jump process, with the jump rate matrix

K k.n

ety =" Y Y O“J'T@l{i:il,jzjl}, r€S (2.3.4)

k=1 (i,j)eg* I=1 !
for (i,7) € J' and n € N. When z; = 0, ag’" (x) /x; is understood as the pointwise
limit of ag’" (y) /yi, when y lies in the relative interior of S and y — x in the
Euclidean norm. Here the superscript “eff” stands for “effective,” and indicates that
the single jump process will have the same LLN limit (2.3.2). Indeed, from Condition

2.3.3, it is clear that for each z € S, F%’CH () converges, as n — 00, to

k

Pl @) =" > > | T | T () Lz =iy (2.3.5)

Moreover, if Condition 2.3.3 holds, then the jump rates {A}'} ., defined by (2.2.6)

veY
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satisfy Condition 2.3.1, with
K
AN(@) =D > afi(x), (2.3.6)
k=1 (ij)egk:

However, as elaborated in Example 3.1.26, the large deviation behavior of these two

systems can be quite different.

2.4 Examples

The particle systems that we describe naturally occur in a wide range of areas, in-
cluding statistical mechanics (Curie-Weiss model), graphical models and algorithms,
networks and queueing systems (rerouting, loss networks). We present a few illus-

trative examples below.

Example 2.4.1. Opinion dynamics of the Curie-Weiss model [11]. This is a mean
field model on a complete graph. Let d = 2, and as before, let n be the number of
individuals and X*" (t) € {—1,1} denote the opinion of the i individual at time
t. At time 0, each individual takes opinions X" (0) independently and uniformly
at random. Fach individual has an i.1.d Poisson clock of rate 1. If the clock of

individual i rings at time t, he/she computes the opinion imbalance
M(Z) = Z ij (t_) )
J#

and changes opinion with probability

. exp (=28|M@| /n) if MOX" (t—) > 0
Ppip (X" (1)) = ( 1} } ) hora ;
otherwise.
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The empirical measure process p" only takes jumps of the form

V ={e; —e;i,j € {—1,1}}. It satisfies Condition 2.3.3 with T =T, and

() exp (=20 (i — p-1)) if p — p1 >0
1,-1 ) = )
1 otherwise.
\
(
P () exp (=20 (p—1 — 1)) if pu — p—1 <0
-1,1 = ’
1 otherwise.

and 'y 1 () =T_11 (n) =0.

A generalization of the above example is the Curie-Weiss-Potts model with
Glauber dynamics, which we described below, the mixing time of which has in-

teresting phase tranistion properties (see [31]).

Example 2.4.2. Glauber dynamics of Curie-Weiss-Potts model. Fix n > 0, X"
are interpreted as spins that take value in X = {1,...,d}. Let X = {Xb" .. X"},

Given (3 > 0, the Curie-Weiss distribution is a probability measure on X™, given by

n

vn (X) = Z5, exp (‘g > 2. 1{X@n=xy‘»n}> )

i=1 j=i+1

where Zg, 1s the normalizing constant. The continuous time Glauber dynamics
(Xt),5q for the spin flips is defined as follows. Each particle has an i.i.d Poisson
clock of rate 1 attached to it. Assume the clock at particle © rings at time t, we set

the new value of X*" to be

k € X with probability v, (Xi’" = k:|Xj’" = X (t—),Vj # z)

The empirical measure u™ is interpreted as the magnitization, which evolves as a
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Markov process with generator (2.2.1), with

By 1
O
Zk:l eXp (_E (nzk — 1))
Therefore, for x € S,
aj; (x) = lim :BZFZIJ" (z) = z; dexp(—ﬁxi) '
o > k=1 €XP (—Szy)

Simultaneous jump models arise naturally in the context of communication net-
works. We now provide one such example, from [21]. Many more can be found in

[38], [33] and [24].

Example 2.4.3. Alternative rerouting networks [21]. Consider a network that con-
sists of n links, each with finite capacity C. Let X = {0,...,C} and let X*" denote
the number of customers using link i. At each time t, customers or packets arrive
to each link as a Poisson process with rate X\ > 0. If a packet arrives to a link with
spare capacity, then it is accepted to the link and occupies one unit of capacity for an
exponentially distributed time with mean one. On the other hand, if a packet arrives
to a link that is fully occupied, two other links are choosen uniformly at random from
amongst the remaining n — 1 links. If both chosen links have a unit of spare capacity
available, the packet occupies one unit of capacity on each of the two links, for two
independent, exponential clocks with mean one. Otherwise, the packet is lost. This
model seeks to understand the impacts by allowing alternative routes that occupy a

greater number of resources.

The empirical measure process pu" is a jump Markov process with jump rates
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summoarized as follows: for any i,j € X:
(
u"r+ % (i1 — €) at rate nAUL 0<i<C -1,
w4 % (ei-1 — €;) at rate nipl 1< <C,
=
,u"%—%(elﬂ ei+ejr1 —€j) atmte%% 0<i#£j5<C-—1,
n pe g (mpy —1 .
WL —I—%(ezﬂ—el) atmte)\m 0<i<C—-1.

This model satisfies Condition 2.3.3 with K = 2, and with matrix entries

lei-i—l (1) = A, Fz{i—l (1) =1, F(z,j) (i+1,5+1) (1) = Apte

and zero otherwise. By (2.3.5), we can calculate the effective jump rate as

ngﬂ (n) = lej (1) + Z Q“i’r?i,i’),(j,j’) (1) +“ir?i,i),(j,j) (1),
i 4,545
i
which gives U5,y (1) = AM237 4, i MicHpidte = M1+ pe (2 — )], T, (1) = A,

and T§ (n) = 0 otherwise.
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CHAPTER 'THREE

Large Deviations for Finite State
Mean Field Interacting Particle

Systems
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This chapter is organized as follows. In Section 3.1 we state the main result, which
is a sample path LDP for a general class of state dependent jump Markov process
(with rates that are allowed to vanish) as well as its locally uniform refinement. We
also describe how the general result specializes to the mean field interacting particle
systems. In Section 3.2 we verify the conditions of the main results for the empirical
measure processes associated with a large class of interacting particle systems. Sec-
tion 3.3 establishes the variational representation for the empirical measure process,
and provides an alternative proof for the functional LLN limit. Some details of the
proof of the variational representations are deferred to Appendix B. The sample path
large deviation upper and lower bounds are derived in Sections 3.4 and 3.6, respec-
tively, while in Section 3.5 we study properties of the local rate function. Section 3.7

is devoted to the proof of the locally unifom LDP.

3.1 Main Results

3.1.1 The large deviation principle

In practice one is often interested in estimating the tail probability P (u" (-) € A)
for certain sets A that do not contain the law of large numbers limit g (-). This
can be studied in the framework of a large deviation principle. We first establish a

sample path large deviation principle for the sequence {u"} Asymptotics of the

neN®
tail probabilities at a given time ¢ will follow from the contraction principle. For
simplicity we assume from now on that ¢ € [0, 1], while all results in this paper can

be established for ¢ in any compact time interval by the same argument.

As is explained in the introduction, a large deviation upper bound for jump-
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diffusion Markov processes was obtained in [13], their local rate function can be
identified with ours (see Section 3.4). The more delicate part is the proof of the
large deviation lower bound. Since the transition rates of p™ may tend to zero as
u" approaches the boundary of S, the local rate function can approach oo, and the
probability decays superexponentially. Our analysis requires that the jump rates go
to zero at most polynomially when approaching the boundary, which is sufficient for

most of the applications, and is formulated in the condition below.

Condition 3.1.1. There is a continuous function fy : [0, 1] — [0, 00) with fo (0) =0,

and constants Cy,Cy < oo such that for any x,y € S andv € V

d
C1Y _ (logz;i —logy:) + fo(lz —yll) > logA, () —log A, (y)

=1
d

> Cy Y (logz; —logy:) — fo (|lz — yll).-

i=1

Let int(S) denote the relative interior of S.

Remark 3.1.2. Condition 3.1.1 implies that on any compact subset of int(S), A, (+)

18 either identically zero or uniformly bounded below away from zero.

Another ingredient that is required for the proof of the large deviation lower
bound is an upper bound on the time (or, a lower bound on the speed) taken by the

law of large numbers path to hit a compact subset of int(S).

Condition 3.1.3. There exist constants b > 0 and D < oo, such that for any
x € S, the law of large numbers path p starting at x, as defined by (2.3.2), satisfies

wi (t) > btP fort € 10,1].

For t € [0,1] and G C R%, let D ([0,¢] : G) denote the space of cadlag functions

on [0, t] which takes value in G, and let AC ([0,¢] : G) denote the space of absolutely
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continuous functions on [0, t] that take values in G. To avoid singularities in the large
deviation analysis, we need to assume a certain communication condition. This is

formulated precisely in Condition 3.1.4 below. In what follows, given ¢ > 0 and a

path ¢ € AC ([0,t] : S), let

b9 s a1

denote the length of the image of ¢.

Condition 3.1.4. There exist constants ¢ > 0 and ¢,p < oo, such that for every
x €S and y €int(S), there exist t € (0,1), F, € N, and a piecewise linear path ¢
with ¢ (0) =z, ¢ (t) =y, such that

i). there exist F,, < F,, {vm}F“’ CV, 0=t <t1 < - <tp, =t

m=1

{Up}ien © R, such that

Fz»y

b (s) = Z UnOmli, 1 tm) (5), a.e. s €]0,1], (3.1.2)
m=1

ii). form=1,.. F,,,

i=1,...,

N @(9) 2 (v ) for s € st

i11). Len(¢) scales with the Euclidean distance between x and y: Len(¢) <

¢z =yl

Definition 3.1.5. Given z,y € S, a path ¢ that satisfies properties i)—iii) will
be said to be a communicating path (with respect to the constants c,p,c, jump

directions V and jump rates {\y}, ).
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Remark 3.1.6. There is some flexibility in the choice of t, {Um}fifjl and {tm}izfr
By a reparametrization of the path, we can always assume t = 1 and U,, = U for
every m. Moreover, if t is not fixed, we can always choose U,, = 1. We will make

these additional assumptions when convenient.

We now introduce an easily verifiable sufficient condition on the jump rates

{A\v},ey which, together with Conditions 3.1.1 and 3.1.4, implies Condition 3.1.3.

Condition 3.1.7. There exists C' < oo, such that for any x € S and any v € V and

i € X that satisfy (v,e;) <0, A\, () < Cux;.

Remark 3.1.8. For the interacting particle systems that we study, A, (+) is specified
explicitly by (2.3.6) and (2.53.3), and therefore satisfies Condition 3.1.7. Also, if
{M () }pey are Lipschitz continuous, then Condition 3.1.7 can be replaced by: for

any v € V and i € X that satisfy (v,e;) <0, A\, () =0 if z; = 0.

Lemma 3.1.9. Assume that {\, ()}, satisfies Conditions 3.1.1, 8.1.4 and 3.1.7.

Then Condition 3.1.3 is satisfied with D = Zf;o d', for some F < 0.

The proof of Lemma 3.1.9 is deferred to Section 3.2.3.

We now state our first large deviation result. Let A9l = {x € R? : Zle x; = 0}.

For x € S and 3 € A%!, define

L(z,p)= _ inf ZAU(I)E( Qv ) (3.1.3)

¢ Loy vav=B £ Ay (1)

where ¢ is a vector with nonnegative components, and

rloger —x+1 x>0,
l(z) = (3.1.4)
%9 r <0,
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is the local rate function for a standard Poisson process. For ¢ € [0,1] and an

absolutely continuous function 7 : [0,t] — S, define

t
L) = [ LO()5 (o)ds (3.15)
0
and in all the other cases, set I; () = co. We will write I () to denote I1 (7).

In what follows we equip D ([0, 1] : &) with Skorohod topology, and let
B (D ([0,1] : S)) be the associated Borel sets.

Theorem 3.1.10. Suppose the family of jump rates {\, (x),x € S,v € V} satisfies
Conditions 2.3.1, 3.1.1, 3.1.3 and 3.1.4. Also, assume that the initial conditions
{1 (0)},en are deterministic, and p" (0) — po € P(X) as n tends to infinity.
Then the corresponding sequence of empirical measure processes {j"}, .y satisfies
the sample path large deviation principle (LDP) with rate function I. Specifically,

for any measurable set A € B(D ([0,1] : S)), we have the large deviation lower bound

1
liminf —logP (" € A) > —inf{I (y): v € A°,7v(0) = po} (3.1.6)

n—oo M

and the upper bound
1 _
limsupglogIP’(,u" cA) < —inf{I(7):v€Ay(0)=po}. (3.1.7)

n—oQ

Moreover, for any compact set K C S and M < oo, the set
{veAC([0,1]:8): I (y) < M,~(0) € K} (3.1.8)

18 compact.

The space D ([0, 1] : S) is naturally equipped with Skorohod topology. However,
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as is shown in Lemma 2.4 of [13], to prove the large deviation result (Theorem
3.1.10), one can approximate a path in D ([0, 1] : §) by a piecewise linear path, thus
it suffices to consider the uniform topology. The proof of Theorem 3.1.10 is deferred
to Section 3.4 and 3.6. Applying the contraction principle (see, e.g., [40]) one obtains

the variational representation of the rate function of {y" (¢)},y for any ¢ € [0, 1].

Corollary 3.1.11. Suppose the conditions of Theorem 3.1.10 hold. Then for each
t € [0,1], the sequence of random variables {p" (t)}, oy satisfies the LDP with rate

function

Ji (o, x) = inf {1y () : v € D([0,1] : §),7(0) = po, v (t) = x} (3.1.9)

3.1.2 A locally uniform refinement

In applications, it is often useful to estimate the probability that p™ hits a specific
point ¢" € §,, at some given time, where ¢" — ¢ € § as n — 0o0. The ordinary LDP
does not imply an asymptotic rate for this hitting probability since it applies only
to fixed sets, and the “moving” set {¢"} in the present case has empty interior. To
obtain such a “locally uniform” result we need a strengthening of the communication
condition (Condition 3.1.4), and require local controllability of the Markov process
up to the boundary of §. It turns out that a polynomial lower bound for jump rates

up to the boundary ((3.1.10) below) is sufficient for local controllability.

Definition 3.1.12. Given ¢,p,p1 < oo and ¢,c; > 0, for any x,y € S, a path
¢ from x to y is said to be strongly communicating, if it is communicating (with

respect to ¢, p,c’ ), and, in addition,

). there exists F' < oo, such that sup,cs Fy < F,
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v). if ¢ has the representation (3.1.2), then for m =1,..., F,,,

Aow (0 (5)) > &1 < IT (s)> . S € [tmo1,tm), (3.1.10)

JENm

where

N = {7 : {ej,vm) < 0}. (3.1.11)

Note that when y is on 0§, min,—; _4y; = 0, and therefore Condition 3.1.4.ii) is

.....

trivially satisfied. Thus a polynomial lower bound (3.1.10) is indeed a strenghthening

when dealing with paths near the boundary.

Definition 3.1.13. Given ¢; > 0 and ¢, p; < 00, for any x,y € Sn, a set of points
{b0, D1, s P} T Sy with ¢g = x, ¢ =y is called a discrete strongly communi-

cating path, if they satisfy the following properties analogous to Definition 3.1.12:

i). There ezrist ' < oo (independent of x and y), {vm}izl CV,and 0 =ty <

th <---<tp==k, such that

1
¢S+1 - ¢S = E'Umy S [tm—lytm)- (3112)

i1). For all n sufficiently large, and m =1,..., F,

X! () > 1 < 1T (¢s)j> ;5 € [tmet,tm)- (3.1.13)

JENm
iii). k< enllz—yl.

In the weakly interacting particle systems we consider, {\, ()} are specified by
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(2.3.6) and (2.3.3), and each A, (x) is therefore a linear combination of monomials in
x multiplied by a Lipschitz function in z. Also, {\! (z)} can be specified by (2.2.6)
and (2.2.4). Thus the polynomial type lower bound in (3.1.10) and (3.1.13) holds

for the particle systems.

Condition 3.1.14. i). There exist constants ¢, F,p,p; < 0o and c,c; > 0, such that
for any x,y € S, there exists a strongly communicating path ¢ that connects x to y

(with respect to ¢, F,c,p,c1,p1).

i1). For any n € N and any x,y € S,, there exists a discrete strongly communi-

cating path ¢, that connects x to y (with respect to ¢, F,c1,p1).

Clearly, Condition 3.1.14 is a strengthening of Condition 3.1.4. We now state the

locally uniform LDP result, which is proved in Section 3.7.

Theorem 3.1.15. Suppose the family of jump rates {\} (z),z € S,v € V} sat-

neN
isfies Conditions 2.3.1, 3.1.1, 3.1.3 and 3.1.14. Also, assume the initial conditions
{1 (0)},,en are deterministic, and p™ (0) — po € P (X) as n tends to infinity. Let
{Zn}pen C Sn, w €S be such that x,, — x asn — oo. Then for any t € [0,1),

1
lim —logP (" (t) = zy) = —Ji (1o, z),

n—oo M,

where Jy is as defined in (3.1.9).

3.1.3 LDP for invariant measures

In [20], a uniform sample path LDP for small noise diffusions (with respect to initial

conditions) is used to study its metastability properties, including the mean exit
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time, most likely exit location from a given domain, and the LDP for invariant
measures. The program of [20] was carried out for non-degenerate diffusions in R
here we have a sequence of jump processes on lattice approximations of a compact set.
However, we remark here that when Condition 3.1.14.i) holds, the same arguments
carry through without essential change. In [20] extra conditions are assumed to
guarantee that the process does not escape to infinity with significant probability;

for our model, since the state space is compact, this is automatic. The quasipotential

is defined by

Viz,y)=inf{L; (y): 7€ D ([0,t] : S),v(0) =x,v(t) = y,t < o0}, for z,y € S.
(3.1.14)
We need the quasipotential to be continuous within its domain. This property follows
from the fact that for any z,y € S that are sufficiently close, one can construct a

path connects x to y with arbitrary small cost (Lemma 3.7.1).

Lemma 3.1.16. Assume Condition 3.1.14.1) holds, then V (-, -) is jointly continuous
mSxS.

The proof of Lemma 3.1.16 is deferred to Section 3.7. We now state the LDP for

invariant measures in the case of a single equilibrium.

Theorem 3.1.17. Assume that xq is the unique stable equilibrium of the LLN dy-
namics (2.58.2), and is globally attracting (in S). Also assume Condition 3.1.14.1)
holds. Then for anyn > 0, there exists a unique invariant measure v" of the Markov
process with generator (2.2.5). Moreover, {V"}, .y satisfies an LDP with rate func-

tion V (xg,-).

When the LLN limit (2.3.2) has multiple stable equilibria, following the same



42
28

approach as the case of non-degenerate diffusions (see [20], Chapter 6.4), a general-

ization of the above theorem also holds.

3.1.4 Corollaries for the mean field interacting particle sys-

tems

We now describe how the results in Sections 3.1.1 and 3.1.2 apply to the particular

setting of the mean field interacting particle systems introduced in Chapter 2.

Notice that in the statements of Theorems 3.1.10 and 3.1.15, one can rewrite
the local rate function (3.1.3) as a function of the jump rates {af} (see (2.3.3))
of the particle systems. For this, we need to introduce a natural ordering for
pairs (i,j) € Up<x J*, by first ordering them by increasing k, and then ordering
((i1, -, 7x) , (j1, .-, J&)) lexicographically. Denote by Cr the cardinality of Up<x J*.
This ordering establishes a bijection between natural numbers {1,...,Cx} and or-
dered pairs (i,j) € Ur<x J*. With this, we sometimes abuse the notation and refer

: k k
tor € Ninstead of r =e; —e; =), €, — > 1, €,

Let W be a d x Cx matrix with each column specified as the corresponding jump
direction: W, = e; —¢; if r € N maps to e; —e;. Forz € S and g € A4l (3.1.3)

can be written as

K k

L(Lﬁ):q;&{}}f:gz Z o (a:)€<agiggj)>,

k=1 (ij)eg* v

where ¢ = diag(ql, - qK) is a block matrix such that each ¢* is a d* x d* matrix

with nonnegative entries for (i,j) € J*, and zero for (i,j) € X*\J*. In the special
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case that K = 1, L can be written as

Lz, —q;quﬁZ Z ( quaf))

i=1 j=1,j#i

and the constraint Wq = 3 reduces to

Zqij_ijk:ﬁja j:1>"'7d7

i k]

where we represent ¢! simply by g¢.

Conditions 2.3.1, 3.1.1 and 3.1.7 are properties of {\, (z)}, and therefore can be
directly verified from (2.3.6). Conditions 3.1.4 and 3.1.14 hold for many classes of
interacting particle systems with simultaneous jumps. Here, we state three easily
verifiable sufficient conditions in terms of the I' matrices of the original particle
systems. For k < K and (i,j) € J*, denote

M, = inf T} (), (3.1.15)

zeS

and let
NF={(i,j) e T" - mf; > 0}

The first condition states that an entry of the rate matrices in a given jump direction
is either identically zero, or uniformly bounded below away from zero (note that the

jump rate «j; in that direction is not bounded away from zero).

Condition 3.1.18. Fork =1,..., K and (i,j) € J*, either (i,j) € N*, orI'{; (z) = 0

for every x € S.

Condition 3.1.19. For every x € S, the Markov process on X with rate matriz

't (x) is ergodic.
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Condition 3.1.20. For every x € S, the Markov process on X with rate matriz

It (z) is ergodic, where T°% is defined as in (2.3.5).

In Section 3.2, we establish the following result.

Proposition 3.1.21. The following two assertions hold:
i). Conditions 3.1.18 and 3.1.20 imply Condition 3.1.4.

ii). Condition 3.1.19 and the continuity of T'* (-) implies Condition 3.1.14 (and

hence, also Condition 3.1.4).

In particular, both the LDP and the locally uniform LDP hold for the interacting

particle systems described in Examples 2.4.1, 2.4.2 and 2.4.3.

For the n—particle systems we study, it is more natural to start with random
initial conditions. Depending on the large deviation rate of the initial condition, this
gives rise to an additional cost in the rate function. The LDP for empirical measure

processes with random initial conditions are stated in the following corollary.

Corollary 3.1.22. Assume Conditions 2.3.1, 3.1.1, 3.1.3, 3.1.18 and 3.1.20 hold.
Also, assume that the empirical measure processes {u"}, . are Markovian, with
generator (2.2.3) and initial conditions {u" (0)}, oy that converges to g, in such
a way that they satisfy an LDP with rate function Jy(-). Then the corresponding
sequence of empirical measure processes {ju"}, - satisfies the sample path LDP with

rate function Jo (v (0)) + I (7).

Proof. For any y € S,,, denote U™ (y) = —1 log E e ""#"). By Theorem 3.1.10 and

the equivalence between the LDP and the Laplace principle [40], for any sequence of
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{¥n},en that converges to some y € S,

U (Yn) = U(y) =inf{I (v) +h(y):v€ D([0,1]:85),7(0) = y}.

By Lemma 3.1.23 below, U is continuous on §. A standard argument by contradic-

tion then shows that U™ converges to U uniformly. Let v™ denote the law of u™ (0).

Then

1 n 1 n
lim ——log E“n(0)€_nh(“ ) = lim —=log E eV W £y Y
n—oo n n—oo n

ynGSn

1
= lim ——log/e_"(U(y)+o(1))V” (dy)

n—oo N

- ;gg{U (y) +Jo (v)}

- «/eDi(%fl]: s {h(v)+Jo(v(0))+1(7)},

where the third equality follows from the assumption and the continuity of U. The

conclusion follows by the equivalence between the LDP and the Laplace principle. [

Lemma 3.1.23. U (y) =inf{I (y) + h(7y) : vy € D([0,1] : S),v (0) =y} is continu-

ous.

Proof. Fix ¢ > 0. Given § > 0 such that ¢(6§) < £/3, and any ° € S such that
Hy5 — yH < 6, by Lemma 3.7.1, there exists a path v € AC ([0,4] : S) with v (0) =y,
v (8) = 1° such that I (v) < ¢ (). And, by the construction in the proof of Lemma
3.7.1, supsepoq llv (5) —yll < €9 for some C' < co. We now rescale v to obtain a
new path 7°: for ¢ = (1 — §)", define 4° € AC([0,1 -] : S) by 7° (s) = v (cs). By
Proposition 3.5.8, we can take § smaller if necessary such that I;_s (75) <I(y)+¢/3.

Let 4 be the concatenation of v and °, ||y — || ., — 0 as § — 0. Therefore

U@) <hM+I@) <I(y)+e/3+c()+h()—h(7),
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which goes to zero by sending 6 — 0 and then sending ¢ — 0. The other inequality

is proved in the same way. O

Example 3.1.24. Assume that in the n—particle system, particles are initially dis-

tributed as i.i.d X —valued random variables, with common distribution v. Then by

Ho,i
v;

Sanov’s theorem, Jo (o) = R (po |v) = 320, po.i log

The analogous result holds for the locally uniform refinement of the LDP.

We note that these are only sufficient conditions, and the LDP can be shown
to hold for other interacting particle systems, by directly verifying the conditions of

Theorem 3.1.10 (especially, Condition 3.1.4), as illustrated by the following example.

Example 3.1.25. Let d =4, K = 2, and define the generator of the Markov process
{u™} as in (2.2.8) with ag’" defined as in (2.2.4), in terms of TV and T>"™ given by

Iy (2) =c1, To(2) =c, Ly (z) = s,

1,n 2.n 2,n
F43 (I) = C4, F(172)7(374) (I) = Cs, P(374)7(172) (I) = C¢

forc; >0,1=1,...,6, for all x € S, and identically zero otherwise. The effective

gump rate matriz T°T then takes the form

IS @ =ca, I =c TI§@=ca TIfE=aq

I8 () = macs, TS (2) = wacs, D54 (2) = 2105, T (2) = w3c6.

% is not ergodic on the part of the boundary given by
{reS:x3=x4=0o0rxzy =x9=0}. However, one can easily verify Condition

3.1.4, as well as Conditions 2.3.1, 3.1.1 and 3.1.7.

Given a mean field interacting particle system with simultaneous jumps, one can

construct another single jump particle system, according to the effective jump rate
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matrix {F"’CH} defined as in (2.3.4). As mentioned in Chapter 2, these systems have
the same LLN limit. However, the following example shows that the prelimit models,

in particular their large deviation behavior, can have a significantly different nature.

Example 3.1.26. Let X = {1,2,3,4,5,6}, K = 2, and for any n € N consider a
Markov process with the following properties: states are grouped into blocks {1,2},
{3,4}, {5, 6}, such that within each block, states communicate through single jumps,
and there exist simultaneous jumps of two particles between different blocks. Also,
the number of particles in the first block can only change by an even number during

each jump. In particular, consider the Markov process associated with the generator

(2.2.3), with ag’" defined as in (2.2.4), in terms of TY"™ and T*" given by

Iy (x) = LIy (2)=LI5 (x) = LTy (z) = 1,5 (z) = 1, T (z) = 1,

2,n _ 2,n _ 2,n _ 2,n _
F(1,2),(3,4) () = 1, F(3,4),(1,2) (z) =1, F(2,3),(4,1) (z) =1, F(4,1),(2,3) (z) =1,

2,n 2,n 2,n 2,n
Pisan @) = L Uiy e @) =1 Tiyey@ =1 Tigee @) =1
2,n - 2,n - 2,n - 2,n -
Pomasn @) = L Togan@) =1 Tisey@ =1 Ty en@) =1

2,n - 2,n - 2,n - 2,n -
Fienao @ = 1 Tl se@ =1 Tdgay@ =1 TIgsazs@ =1

for all x € S, and identically zero otherwise. One computes the effective jump rate
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matrix to be

I8 (z) = 1, ISt (2) = 1+ aa+as, TE(2) =1,
I (z) =1, I'ss (z) = e (z) =1,
IS5 (2) = 22 + a4, IS (2) = 21 + a3, ISt (x) = @9 + 4,
I (x) = 221 + @3, I§i (x) = IS (x) = 21,
Il (2) =azo+ a3+ a4 + 26, T () =21 + 24+ 25, TS (2) = 20,
el (z) = a2, I'5g (z) = Il (z) = a1,
I'ss (x) = s, Il (2) = 23 + w6, I'{ (z) = e,
(z) (z) (x)

eff _ eff _ eff —

Conditions 2.5.1, 3.1.1, 3.1.83 and 3.1.18 can be checked explicitly from (2.8.3) and
(2.3.6). Also, Condition 3.1.20 follows from the fact that T°% (x) is affine in x, and
{FCH (ei)} is ergodic for i € {1,...,6}. Thus, the associated single jump particle
system satisfies an LDP and a locally uniform LDP by Theorem 3.1.10 and 3.1.15.
In particular, for any z,y € S, if we take x",y" € 8" such that ||z" — z|| — 0,

ly™ — y|| — 0, Theorem 3.1.15 implies

Po, (1" (t) = yn) = exp (—nJy (z,y) + 0(n)), as n — oo,

where Jy (+) is defined as in (3.1.9) and is finite because of the communication prop-
erty. However, the original simultaneous jump particle system fails to satisfy the
locally uniform LDP. Indeed, for any n € N, the number of particles in states {1, 2}
remains either odd or even. Therefore if we take x™, y™ € 8™ that additionally satisfy
{a + 2B}, oy s even and {y} +y5}, oy i odd, then Py (u" (t) = yn) = 0 for any

n € N.
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3.2 Verification of Conditions

In this section we verify that the assumptions of Theorems 3.1.10 and 3.1.15 are
satisfied by a large class of mean field interacting particle systems. Readers only

interested in the large deviation proof can skip this section.

Recall the definition of 90 in (3.1.15), and let

Cco = min {mf] . mf] > O,k‘ =1, "'7K7 (ihj) € jk} > 0.

3.2.1 Proof of Proposition 3.1.21.i)

To prove Condition 3.1.4 under Conditions 3.1.18 and 3.1.20, we will actually prove
a stronger result. Namely, we show that Condition 3.1.4 holds under a much weaker
communication condition for the Markov processes on X, introduced below as Defi-

nition 3.2.1.

Definition 3.2.1. For two states u,v € X, v is said to be K—accessible from u, if
there exist L € {1, ...,d} and a sequence of distinct states in X: u = uy, ug, ...,ur, = v,

such that form=1,...,L —1,

i). there exist kp, € {1,...; K}, (im,jm) € T, and L, 1, € {1, ..., kn}, such that

U, = by, AN Uyt = Jp
ii). forl=1,...kn, ims € {u1, ..., um},

iii). M > 0.
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If for any u,v € X, v is K—accessible from u, we call the Markov process asso-

ciated with {I'; (-) o+ K—ergodic.

}(ivj)GngK

Notice that when K = 1, the notion of 1—ergodicity coincides with the ergod-
icity of single jump rate matrix I''. Roughly speaking, the general K —accessibility
condition ensures that one can reach state v from wu, by going through certain types
of simultaneous jumps, such that for each m, one can move mass exclusively from a
subset of states {u1, ..., U} t0 Upy1 (this is ensured by the second condition of Defi-
nition 3.2.1). Up to our knowledge, all the interesting examples satisfy the conditions
of Definition 3.2.1. And, the second condition allows one to construct communication

paths, by moving along the direction of such sequences of simultaneous jumps.

To illustrate the notion of K —ergodicity, note that the interacting particle system
with simultaneous jumps described in Examples 3.1.25 and 3.1.26 are 2—ergodic. Let
us verify 2—ergodicity for Example 3.1.25. Take any i,j € {1,2,3,4}, and assume
without loss of generality ¢ = 1, by the symmetry of the dynamics. If j = 2, we can
take L =2, k; =1 and (i1,j;) = (1,2). If j =3, take L =3, uy = 1, up = 2, uz = 3,
ki =1, (i1,j;) = (1,2), k2 = 2 and (i, j;) = ((1,2),(3,4)). The j = 4 case is similar
to j = 3, except that uz = 4. It is easy to check the sequence of states {u,,} and

jumps satisfy conditions i), ii), iii) of Definition 3.2.1.

Remark 3.2.2. We show that Conditions 3.1.18 and 3.1.20 imply K — ergodicity of
{T ($)}(i,j)eukngk’ for any x € S. Take any u,v € X, u # v. Since % (e,) is
ergodic by Condition 3.1.20, there exists a sequence of distinct states u = uq, ..., ur, =
v such that F‘;iumH (eu) >0, m = 1,...,L — 1. By the definition of T°T given in

(2.3.5), this implies that for m = 1,..., L — 1, there ezist k,, € {1, ..., K}, (im,]J,,) €
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Tk and 1, € {1, ... ky}, such that Wy, = imy,,, Umi1 = Jmi,, and

km
H {€u, €ir,r Fi::jm (ey) > 0.
r=1
r#lm,

This implies that E)ﬁfgjm > 0, and iy, = u for every r # l,. In other words,
the 1™ component of i, is equal to u,,, and all other components are equal to wu.

/

Definition 3.2.1.1) is satisfied with l,, = [,,, and Definition 3.2.1.11) is satisfied with

m?’

imi € {u,um} forl = 1,.. ky. Finally, since Fi::jm (en) > 0, Condition 3.1.18

implies that mﬁ%m > 0, property iii) of Definition 3.2.1 is also satisfied.

To prove Condition 3.1.4, one needs to show some local controllability property
of the underlying Markov process. More precisely, it suffices to show that there exist
constants ¢ > 0 and ¢,p < oo such that for every z € S and y € int(S), there
exists a communicating path ¢ from = to y (with respect to the constants ¢, p and
), as stated in Definition 3.1.4. We show that K —ergodicity provides sufficient
controllability. First, it allows one to move from any point on the boundary to some
compact convex subset of int(S) that contains y, using a sequence of jumps whose
rates are uniformly bounded below away from zero (Lemma 3.2.3). Then, we show
that in the compact subset, the controllability is stronger: one can in fact move
toward any coordinate direction (Lemma 3.2.4), and thus, the construction of such

a path in this compact subset is straightforward (Lemma 3.2.6).

For a > 0 define S*={z € S:2; > a,i=1,...,d}.

Lemma 3.2.3. Assume that for anyi,j € X, j is K—accessible fromi. Then for any
reS8 andae(0,1/(K+1)""d], there exist z € 8% ty > 0 and a communicating

path ¢ € C([0,to) : S) that connects x to z. Moreover,
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i). there is C < oo such that for any © € S, ¢ can be chosen such that

Ji® 16 (s) llds < Cdist(x, &),

ii). for any s € [0,to] and i € X such that b; (s) <0, ¢;(s) > a.

Before proving the lemma in general let us first illustrate with Example 3.1.25
where d = 4 and K = 2. Assume without loss of generality 1 > x9 > x3 > x4, and
therefore 1 > 1/4. As before, we take (i1, j;) = (1,2), and (i, j;) = ((1,2),(3,4)).
For a < 1/108, we discuss the construction of such a path in three cases that exhaust

all possibilities.

Case I. 23 > a > x4. Take ¢ (0) =z, ¢ (t) = (ej, — e3,) Ljo,2(a—z4)) (1)
+(ej, — €i,) L[2(a—24),3(a—zq)) (). It is easy to verify property i) in the lemma. To verify
property ii), note that for t € [0,3 (a — z4)], ¢1(t) > ¢1(0) —2(a —x4) — (a — x4) >
T1—3a>a, ¢ (t) > ¢2(0) > a, ds(t) >0, ¢y (t) > 0. Since ¢4 (3 (a — x4)) = a, we
have ¢ (3 (a — z4)) € S°

Case II. 23 > a > x3. Take ¢V (0) = z, ¢ (t) = (5, — €i,) Ljo.2(asy)) (t) +
(€5, — €iy) 112(a—23),3(a—zs)) (£). One can verify property i) and ii) in the lemma are
satisfied for ¢ by the same argument applied to ¢. If 2z = ¢ (3 (a — x3)), then

we have z%l) > a, zél) > a, zél)

> a. Then it is reduced to Case I, and we can further
take a communicating path that moves 2™ into S, and concatenates with ¢™® to

obtain the desired path.

Case III. 71 > a > x9. Take ¢ (0) = 2, 6®) (t) = (&5, — €i,) Ljo.auy) (). One
can verify property i) and ii) in the lemma are satisfied for ¢®. And at t = a — x5,

r1 > a =9 > T3 > x4, and it reduces to Case II.
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The construction of a communication path can be generalized into the following

proof.

Proof. If @ = 0 or # € 8% we can choose z = z and there is nothing to prove.
Therefore we assume a > 0 and = ¢ S, Assume without loss of generality that
Ty > X9 > -+ > xg, and for some 2 < k < d, x5_1 > a > x,. When K =1, a more
straightforward proof (which gives stronger result) is given in Lemma 3.2.7 below.
For general K, we will prove the lemma by induction on w = d — k, one less than

the number of indicies smaller than a.

If w = 0, then z4 is the only component such that x4 < a. By the definition
of K —accessibility there exist L € {1,...,d} and a sequence of distinct states 1 =
Uy, Ug, ..., ur, = d, such that form = 1,..., L—1, there exist k,, € {1, ..., K}, (im,]J,,) €
TFn and b, [, € {1, ..., kn}, such that t, = i, Uns = I, » and mﬁ%m > 0.
Now let

(K+D)"?—(K+1D)""™ iftme{l,..,.L—1},

Cm,L =
(K +1)"? if m=L.

Then consider the piecewise linear path ¢ with ¢ (0) = x, and
¢(t) = (6jm - 6im) 1[Cm,L(a—rd),cmH,L(a—rd)) (t) , a.e.t>0. (3.2.1)

Let to = (K +1)"7(a — 24). We claim that for [ = 2,...,d — 1, and t* € [0,
such that ¢, (t*) < 0, ¢;(s) > a for s € [t*,t0]. Indeed, for such [, there exist
m € {1l,...,L—1} and r € {1,...,k,,} such that | = i,,,. If there exist multiple
(m,r) that satisfy | = i,,,, we take the pair with smallest m. Then by Definition

3.2.1.i), I € {u1, ..., Um—1}, thus there exist m’ € {1,....m —1} and ' € {1,...,k,/}
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such that [ = j,v . Therefore, for any s € [t*, o],

bi(s) = @@»+AUM@&

a+{e;, . e1) (Covsr,L — Covz) (a — 24)

L—1
— > Aesen) (cpprr — i) (a — 7a)
p=m

a,

v

v

where the last inequality follows from the fact that <eip7el> < K, and
L—1
Cm/+1,L — Cm L 2 Cm,L — Cm—1,L 2 K Z (Cp—l—l,L - Cp,L) .

p=m

Also, as will explained below, for s € [0, o],

»

¢1(s) = ou (t) dt

Ao

o
~ ~
Lo
o

Ao

v

<6ip761> (cpr1,L — cp,r) (@ — 1q)

S
Il
—

1
(K+1)""d

\Y
=

CL,L

QI U~ -

v
=
+ |-
—_

)d

V
S

Here the first inequality follows since 2?21 r;i=1and z; > --- > x4 implies z; >

1

1/d. The second inequality follows from (ej, 1) < K and a — x4 < a < eyt

The third inequality follows since ¢z = (K +1)"7> < (K +1)*, and the fourth
since K/K +1>1/(K + 1)41.
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Finally, by Definition 3.2.1.ii), ¢q (s) > 0, and since {(ej, , —ej, ,,eq) > 1,

¢d<to>=xd+/°a&d<t>dt
0

er,n(a—zq) |
> rq+ / ba (t) dt

r—1,.(a—2q)
> g+ (€, — iy y»ea) (e — 1) (@ — 2q)

> xg+a—xg=a.

Therefore ¢ (ty) € S*, and property ii) of Lemma 3.2.3 is satisfied. Also, ¢ is a

communicating path, since by (2.3.3) and (2.3.6),

Ao (0 (s)) = Oéf,,ij (¢ (s))

T Haszm rhr (6(5))

d
Z 7@ o

Property i) is satisfied since foo 16 (s) [|ds < V2Kty < Cy (d, K) (a — x4)
< Cy (d, K)dist(z, S®) for some Cy < o0.

Suppose the conclusion of the lemma holds for w < h, and now let w = h + 1
(and £k = d — h — 1). The idea is first move along a communicating path that
uses the same jump directions as (3.2.1), until reaching some z(!), such that for
some s € {k,...,d}, 2 > a, and then use the induction assumption. To con-
struct such a path ¢™), take the same sequence of jumps {(in,j,,)} as in the case
of w = 0. Let mg be the smallest index such that one of the states with value

below a can be increased: mo = min{m : 3l s.t. Ise€ {k,...,d}, s = jms}. Let
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A =min{a —z,:s€{k,...,d}, st. 3, s = jmy:}. We then define

(K+1)™ 77— (K+1)™""™ me{l,..,mg—1},
Cm,mg =

(K 4+1)™ m = my,

and let ¢ be the path given by ¢ (0) = z,

mo—1

oM (t) = Z (€5 =€) Lemmg Aemirmg ) (B), ace. > 0.

m=1

Also, let 2 = ¢M (¢;0.moA). Then by the same argument applied to the path ¢, ¢
is a communicating path, and for t* € [0, ¢ng.moA] and [ € X such that Q‘Sl(l) (t*) <
0, it follows that gbl(l) (s) > a for s € [t*, cmg.meA]. Also, OC’”O””OA 6™ (s)||ds <
V2K g mo A < Oy (d, K)dist(z, 8%). Therefore, for I € {1,....k — 1}, zl(l) > a, and
there exists s € {k, ..., d}, such that 2 > a. Thus at most h components of z(!) are
less than a. By the induction assumption there exists z € S%, and a communicating

path ¢® that connects (") to z, and satisfies properties i) and ii). The conclusion

then follows by concatenating ¢ and ¢, and noticing that

dist (z(l),ga) < e — zW|| + dist (:E,S’a)
Cmg,mgA .
< / 16D (s) ||ds + dist (:B,S“)
0
< (Cy(d, K) + 1) dist (:ES) .
U

Lemma 3.2.4. Assume that for any i,7 € X, j is K—accessible from i. Then for

any u,v € X, u # v, there exist a finite constant ' = F,,, kn € {1,...,K} for
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m=1,...,F, an >0 and (i, j,,) € T* such that E)ﬁfgjm > 0, such that
F
€y — €y = Z A, (€j,, — €irn) - (3.2.2)
m=1

We first illustrate with Example 3.1.25. Without loss of generality, we set v =4
and u = 1. As before, we take (i1,j;) = (1,2), and (ia,j,) = ((1,2),(3,4)). Thus

(6j1 - 6i1) + (6j2 - 6i2) = e3 +eq — 2ey.

To cancel the term ez, we further take (is,j;) = (3,4). Then 327 _ (e, —e5,,) =

2(es—e1), 0r eg — €1 = an:l % (€5, — €in)-

Proof of Lemma 3.2.4. Fix u,v € X, u # v. When K = 1, we can take a sequence

of states u = uq,...,ur, = v, such that 9} > (0. Then we can simply take

Um Um+1
L-1
€y = Cy = Zm:l (6“m+1 - 6“’”)'

For general K, it is more subtle to choose all the coefficients {a,,}. By Definition
3.2.1, there exist a sequence of distinct states u = wuy, ...,uy, = v, and k,,, € {1, ..., K},
(im,d,,) € T*m for m = 1,..., L — 1, that satisfies the properties in Definition 3.2.1.

We claim that there exist nonnegative {a%) L= such that

L-1

Z al (e;, —ei,) Z ¢ e — €y (3.2.3)

m=1 i#u

with ¢ > 0, 3., & =1, ¢ > 0.

To prove this claim, we first let £ = <eum+1, ejm> [k, form =1,..., L—1. Since

by Definition 3.2.1 tpi1 € jm, ™ € [1/K,1]. Let {b(" 171 be the solution to the
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following system of linear equations:
' b, = 1
RUE2h0, = Kb, (3.2.4)

RO = K (b, + 0, + o+ 167

\

The interpretation of these equations is as follows. Recall that by Definition 3.2.1.ii),
for each m = 1,..., L, each component of i, belongs to {uy,...,u,}. Hence for
mo = 2,....,L —1, <eum0,eim> can be positive only when m € {my,...,L —1}. In
the following display, the first equality follows from the last sentence, the second

(mo—1)

equality from the definition of , and the inequality from <eim, eum0> < K and

the equations (3.2.4):

L—
m() leJmO 1= E b elm?eumo bm() leJmO 1 z elm?eumo

L-1

= K'(mo 1 km() 1b’£r’7() 1 Z b’gg) <61m?6um0>
m=mg

> 0. (3.2.5)

Equality holds in (3.2.5) only if k,,,—1 = 1 and if for all m € {my,...,L— 1},
<eim, eum0> = K. Since equality for a particular mg € {2, ..., L — 1} implies ky,,—1 = 1
and therefore <eim071, eum071> < K, there must be some index for which the strict

inequality holds. It follows from (3.2.5) that

<Z b (e5,, — ei,.) Z> <b(" 1€yl — Zb(“ e, e > >0, for i € {um}E

Also, for i ¢ {um}=—", by Definition 3.2.1.ii), (e;, e;, ) = 0 for any m = 1, ..., L. This

ml’
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implies

<Zb(“ (€5, — €im) Z> <Zb(“ €jms € >>0 forzgé{um}

The equality in the following display is because (e;,. — ei,.,(1,...,1)) = 0, and the
inequality follows by combining the last two displays and using that the first will be

strict for at least one index:

L-1 L—1
<Z bﬁg) (€5 — €iy) ,€u> = - Z <Z bﬁg) (€5, — €in) ,ew> < 0.
m=1

w#u  \m=1

The last three displays imply there are dg") >0, i # u and d* > 0 such that

L-1

b (e5, —es,) = Z dMe; — d'e,.

m=1 i#u

To obtain (3.2.3) and in particular the coefficients {a },Ln —! and {c iy WE
divide the last display by d*. Then clearly ci" > 0 for ¢ # wu, and again using
(€5, — €ims (1,...,1)) = 0 gives Z#u cl(-") = 1. To see that ¢ > 0, we use the last

display and that v ¢ i, for any m, v € j,_1, and that b > 0 for all m.

To obtain (3.2.2) we will eliminate the terms involving e;, i # wu, v, on the right
hand side of (3.2.3). We have assumed for each s # w,v, that v is K—accessible

from s. Hence applying the same argument as above with u replaced by s, we obtain

some Lg < 00, a sequence of jumps {(lm O =L and coefficient {agfb) L=l such
that
Le—1
() _ _ (s)g.
Z a,; <ej572> eﬁ)) = Zci €; — €, (3.2.6)
m=1 i#s

Wherec >0, Z#s : ) =1, ¢ >0, and o) > 0.
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It suffices to find nonnegative {Qi}f:L i, Such that

0, <Z cl(-l)ei — 61> + 40y <Z cl(-d)ei — ed> =€, — €y, (3.2.7)

i#1 i#d

since then we coul substitute (3.2.6) into (3.2.7) to obtain (3.2.2). Notice that (3.2.7)

can also be written componentwiseas

0y =0, + -+ P,

0y =0 + -+ 0,

=140+ + D0,

| o= 00+ 00,

Applying Lemma 3.2.5 below with

0 c§2) e cgd)
1
C = &’ "
Ca—1
cgll) .. cﬁﬁ‘” 0

and b = e,, it follows that this system of linear equations has a unique nonnegative

solution. 0

Lemma 3.2.5. Suppose that A = 1, — C, where 14 is the d X d identity matrix and
C = (cij)szl for some d € N, such that c;; =0, ¢;; > 0 and Z;l:l cij < 1. Also, let
b e [0, oo)d. Then the system of linear equations Ax = b has a unique nonnegative

solution {x;}_,.

Proof. The spectral radius of C' is less than 1 since its matrix norm is less than 1.
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Therefore det A > 0, and A~! exists. The fact that A~! is a positive matrix follows
from a general result in inverse positivity [2, Theorem 6.3.8]. The nonnegativity of

x then follows from the nonnegativity of b. O

Lemma 3.2.6. Assume the conclusion of Lemma 3.2.4 holds. Then for any a > 0
and x,y € 8%, there exists a communicating path in S*? that connects x to y, with

the number of linear segments possibly depending on a.

Proof. To start we use the fact that there is a piecewise linear path ¢y from z to y
that lies in S* and only uses velocities in the directions {e; —¢; : i,j € X'}, and for
which the total length scales with the distance between x and y. Suppose ¢y is such
a path, with ¢ (0) = =, and for some L < d, there are 0 =ty < t; < --- < t; and

{um}fnzl ) {,Um}anzl € X so that

L
Z Com = Cum) Lt _1.tm) (1), A€ t € [0,17].
m=1

As noted previously, we can assume there is C; < oo independent of x and y such that
f(fL o (s) ||ds < C4 ||z —y||. By Lemma 3.2.4, there exist F,, < oo, {( ,Jk ™Yy
and {ak } such that e, — = i 1ak (6j§€m> - eiém)). Let F = max,, F,,
C = V2K F max,, a,im), and set ¢ = a/2C. We now further divide each segment
[tm—1,tm) into finitely many segments, each of which has length no more than e, and
within each segment, replace ¢y by a finitely segmented communicating path. In

particular, if [r;,r) C [tm—1,tm) is such a segment, then we would use the path

s Fm

06 =000+ [ F (e = ) Vi -0 o) ()05

i k=1

Note that ¢ (ry) = ¢o (1), and that r; —r; < ¢ for all such segments implies ¢ €
AC ([0,t1] : §%/%). Also, by (2.3.3) and (2.3.6) we have \, (¢ (s)) > (ﬂ)dco for all

2
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s € [0,tz], and
tn | tn |
[ 1) as < €F* [ lon (o) lds < CPCy o =)
0 0
Thus ¢ is the desired communicating path that connects = to y. O

Now we complete the proof of Proposition 3.1.21.1).

Proof. By Remark 3.2.2, under Conditions 3.1.18 and 3.1.20 j is K —accessible from
i for any i,j € X. Therefore for any x € S, y € int(S), a communicating path
connecting = to y can be found by setting a = min {yl, ooy Yds m}, and con-
catenating the paths constructed in Lemma 3.2.3 and 3.2.4. Notice that along the
path ¢, A, (¢ (s)) > - (%)dco > ¢ (min; y;)?, where ¢; = eo(2(K + 1) d)~2.

Therefore Condition 3.1.4 holds. O

3.2.2 Proof of Proposition 3.1.21.ii)

To verify Condition 3.1.14, for any z,y € S, we need to construct a strongly commu-
nicating path that connects x to y. In particular, we need to consider the case when
y € 0S. Thus, the approach in the previous subsection (in particular, Lemma 3.2.6)
cannot be directly applied. We will show that 1—ergodicity implies a very strong
controllability, so that one can always construct a communicating path between x
and y by matching up their coordinates. We first show that Condition 3.1.14 holds
under both Conditions 3.1.18 and 3.1.19, and then show that 3.1.18 can be dropped

if I'! is continuous.

Lemma 3.2.7. Assume Conditions 3.1.18 and 3.1.19 hold. Then for any x,y €
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S, there exist to > 0 and a strongly communicating path ¢ € AC ([0,t0] : S) that
connects x to y. Moreover, we can rescale ¢ such that ¢ (0) = z, ¢ (1) =y, and

¢ (-) || is constant and bounded by C ||z — y|| for some C < co.

Proof. We will prove the result by a recursive construction. We claim that for any
r € {2,...,d}, after possibly relabeling indicies, there exist 0 < ¢,_; < oo, some
2" € S such that zi(r) =y, for i € {1,...,7r— 1}, and a strongly communicating
path ¢ € AC ([0,t,_1] : S), such that ¢ (0) = z, ¢(" (t,_;) = 2. Furthermore,
f(fFl 16T (s) ||ds < C, (d, K) ||z — y|| for some C, < oo. The conclusion follows by

taking r = d.

The claim will be proved by induction. The case r = 2 is trivial: we choose
11 € X so that x;; > y;,, and then reverse the roles of the indicies 1 and 7;. Take
t1 = 21 — y1 and any state iy € X\ {1} such that My, > 0 (the existence of iy is

implied by Conditions 3.1.18 and 3.1.19), and switch the indicies 2 and i5. Define
PP () =x+ (ea—e))t, t€[0,t1].

Then clearly, 6@ (0) = z, 2@ = ¢® (t;) € S, 2 = y; and f(fl 6@ (s) ||ds =
V2t1 < V2 ||z —y||. Thus, ¢ is a path of the desired form. Also, the lower bound
(3.1.13) holds with N7 = {1}, p1 = 1, and for some ¢; > 0 since by (2.3.3) and

(2.3.6),

A, () = Z Z a% (z) > 21T, (2) > coxy
k=1 (i,j)eTk:
€j—€i=V1

since I'},(z) is uniformly positive.

Now, assume the claim holds for 7 = m, and let 2™ and ¢ be the corre-

sponding quantities in the claim. We now prove the claim for r = m + 1. By
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assumption, we have ¢™ (¢,,_1) = 2™, Since Zf:m zi(m) = Zf:m y;, by possibly

indicies within the set {m,...,d}, we may assume without loss of generality that
zf(nm) > Ym. If zf(nm) = ¥y, then the claim also holds for r = m + 1. If zﬁ,ﬁ[‘) > Y,
we will move some mass from state m to some state in {m + 1,...,d}, while not
changing the mass in states with lower index, by considering an additional tra-
jectory v € AC([0,q]: S) for some ¢ < oo, such that ¥; (q) = 1, (0) for every
i=1,...m—1and ¥, (¢) — ¥, (0) = —(zﬁ,ﬁ”) — Ym). To do this, take any v €
{m +1,...,d}. By Conditions 3.1.18 and 3.1.19, there exist L < m and a sequence
of states m = wy,...,u;, = v, such that for 1 <[ < L — 1, 9} > 0. We take

UpUp41

im = U, where lp, = min{l:u, € {m+1,...,d}}. Thus v, is the first in-

dex outside {1,...,m}, and Iy, is the number of steps it took to get there. Define

q= lmin(zf(nm) — Ym), and
t lmin
_ (m)
P (t) = 2" + /0 Z (6ul — €ul,1) 1[(l_1)(z&m)_ym)7l(z&m)_ym)) (s)ds. (3.2.8)

=1

Since lyin < d, we have

[T W@ < VEalag -l
< V2d (|zm — Yo + |25 — 200])
< V3 (el [ 16 6 as)
< VB 1 Co(dK)) 2~y

where the last inequality follows from the induction assumption for » = m.

Now define t,,,1 = t,, +¢, and ¢ € C ([0,%,,41] : S) to be the concatenation
of ¢ and 1. As we show below, ¢(™*1) is a path of the desired form. For v € V,

v =e; —e; for some i,j € X, i # j, as before we have A, (x) > :BZ-F}j (x) > cozi, and
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therefore for s € [0, tmi1], Ao(0™ D (5)) > o™ (s). Finally we note that

/Otm 17D (5) [|ds < /Ot”” 160 () ||ds + /Otp 19 (¢) ||t
(Vad+ (V2d+1) G (d, ) 2~y

IN

The claim now follows by induction. The last sentence in the statement of the lemma

follows from Remark 3.1.6, thus completing the proof. O

The construction of a discrete strongly communicating path follows directly from

discretization of a strongly communicating path.

Lemma 3.2.8. Suppose Conditions 3.1.18 and 3.1.19 hold. Then for any n € N,

x,y €S, there exists a discrete strongly communicating path that connects x to y.

Proof. Fixn € Nand z,y € S,. Let y—z = + (ay, .., aq) witha; € N, |a;| < n ||z — y||
and Zle a; = 0. By Lemma 3.2.7 there exists a communicating path ¢© with
9 (0) =z, 9 (1) =y, and U < oo such that || (s)|| = U < C (d, K) ||z — y|
for almost every s € [0, 1]. Since ¢(© only moves in the directions {e; — ¢; : i, j € X'},
the choice of the times ¢ used in the recursive construction of ¢(©) in (3.2.8) and the
fact that both = and y lie in the grid S, imply that the value ¢(© at the times when
$© changes (denoted {2z} in the previous lemma) are also in S,. It suffices to
take k = nU, and the discrete path {¢S}I;:1 to be ¢, = ¢\ (s/nl), that is, to be
the lattice point passed by ¢(©. Then ¢ is a path of the desired form and ¢ satisfies
(3.1.13) since ¢© satisfies (3.1.10). O

We now relax the assumptions made in the last two lemmas, and show that they

continue to hold under Condition 3.1.19 and continuity of the jump rates. The basic
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idea of the proof is to partition S into finite collection of sets of essentially the same
geometric form as the simplex, such that within each sets Condition 3.1.18 holds.
Therefore, by Lemma 3.2.7 and 3.2.8, one can construct a strongly communicating
path (and its discrete analogue) that connects any two points within each small
simplex. The desired strongly communicating path (and its discrete analogue) in
S can be obtained by concatenating the paths within some collection of the smalll

simplices.

Lemma 3.2.9. Assume Condition 3.1.19 is satisfied, and that T' () is continuous.

Then the conclusions of Lemma 3.2.7 and 3.2.8 hold.

Proof. Recall that V1={e; —¢e;, (i,j) € J'}. For any z € S, let V(z) = {e; —¢; €
Vi : T (z) > 0} and ¢, = minyey(q) I'j; (). By the continuity of {T'j; ()}, there exists
an open simplex S, that contains z, and such that inf,cs, mine; ¢, ev(x) F}j (y) > ¢ /2.
{82} ,cs thus forms an open cover of S, and we can take a finite subcover {Sxk}le :

Let ¢o = min{cy, /2, ..., ¢ /2}. For any x € S let K(z) = {k:x € S, }, and define

_ Il(z) ej—e €Uy V()
1 ij J ) €K(x) k
Pij (z) =

0 €; —e€; € V\ Ukek (z) V(Ik)
Then for any ¢« = 1,..., K, ©z € S,,, the Markov process on X with rate matrices
{T}; (x)} is ergodic. This implies that {I'}; (x)} satisfies Conditions 3.1.18 and 3.1.19
within Sy, with infyes, mine; ey, f}j (y) > cp. Therefore, by applying the same
argument as in Lemma 3.2.7, it follows that for any u, v € S,,, there exists a strongly

communicating path that connects u to v.

Now for any w,v € S, suppose the line {tu+ (1 —t)v:¢ € [0,1]} intersects
UK, DS, at {u;}~,, for some L < oo. Then each line segment

{tu; + (1 —t) u;41 : t € [0, 1]} is contained in some S’mj, and therefore one can take a
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strongly communicating path ¢; that connects u; to u;11. Let ¢ be the concatena-
tion of {QSZ-}Z.L:O. Then ¢ is strongly communicating because each ¢; is. Indeed, the
fact that each ¢; satisfies Condition 3.1.4.i).ii). and Definition 3.1.12.iv).v) directly

implies ¢ does. Also, denote ug = u, uy,1 = v, we have

L L
Len(9) <> Len(d) <O ugsr — uill = C flu — v,
=0 =0

for some C' < oo, where we used the fact that each ¢; satisfies Condition 3.1.4.iii).

Therefore ¢ satisfies Condition 3.1.4.ii).

The construction of a discrete strongly communicating path follows by exactly

the same argument as Lemma 3.2.8. U

3.2.3 Proof of Lemma 3.1.9

As before, we first illustrate the conclusion with Example 3.1.25 where d = 4 and
K = 2. Let x = ;4(0), and assume without loss of generality z1 > x5 > x5 > x4, and

therefore x1 > 1/4. The ODE (2.3.2) implies

,ul = Z <’U, 61> )\v (,u (t)) Z — U1 — U1 2 2 _2lula

veY

thus p (t) > z1e72 > ¢y, co = e72/4. Then

fio = 3 (voea) Ao (u (0)) = o — o2 = gz > o — 2,

veY
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which one solves us (t) > ¢t for some ¢; > 0. Also, for i = 3,4,

fu = (vie) A (i () > pupi — i — papia > cocrt — 2pu,

veY

thus p; (t) > cot?. The proof for the general case is more technical and is given

below.

Proof. Define by = max{|(e;,v)|:j € X, v €V} < oo, and let My = by M |V|. The
ODE (2.3.2) implies that for : = 1,...,d,

i () =Y (v,e) o (1) = =My, te0,1]. (3.2.9)
veY
Therefore
i () > i (0) et ¢ [0,1]. (3.2.10)

Let Xy = {i € X :p;(0) > 55} Then for any b < e ™1, (3.2.10) implies that

wi (t) > b, t € [0, 1] holds for all i € &3, thus Condition 3.1.3 is satisfied.

To show the inequality in Condition 3.1.3 also holds for i € X'\ X (for a suitable
choice of b), the idea is that in (3.2.9), for those v such that (v,e;) < 0, A, (x)
converges to zero as x; — 0 (by Condition 3.1.7), and therefore the communication
condition would push g () into the interior of S. Define y = (5, - 5), and note that
by Condition 3.1.4 and Remark 3.1.6, there exist ¢; > 0, and a communicating path
¢ € AC(]0,1] : S§) with ¢ (0) = 1 (0), ¢ (1) = y. Given the representation of ¢ in
terms of F' < oo, {tm}i:1 , {Um}f@:l and {U,,pb}fiz1 given in (3.1.2), property ii) of

Condition 3.1.4 implies for m =1, ..., F,

Ao, (@ (8)) > €1, 8 € [tim—1,tm] (3.2.11)
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For m = 1,..., F, denote (™ = ¢ (t,,). Then in particular, we have Ao

(@) >
c1. Using Condition 3.1.1, there exist Cy, C5 > 0 such that the following lower bound

holds for any z € S:

)\vm - : m Zq
ey 2 1L e (o (1= wu>@n S G2

where the last inequality follows from the fact that fy(-) is continuous (and thus

bounded from above) on [0, 1].

Now, define Py = {j € X : pu; (0) < [L'g»k)}, and fix i € X\X;. Clearly, i € Pp
since ZL’Z(-F) = y; = 1/d. We claim that for every k = 1,..., F, there exists b*) > 0
such that for any j € Py, p; (t) > bP®)  where D (k) = Zf 0le Since @ € Pp,

the lemma follows from setting k = F' and b = b(¥) in the claim.

To prove the claim, we first note that by (3.2.10), for any m = 1,...,F" and

J & P,y iy (£) > e My (0) > e‘Mlxg»m). For t > 0, applying (3.2.12) to obtain

Aoy (1 (1)) e~ MilPs| 15 () —Myd
R " ) S Cye™ M 1 (1) . (3.2.13)
Ao (20) J!;[m j j!;[m !

Notice that if for some j € P,,, $§m) = 0, the second inequality in (3.2.13) also holds

trivially.

We now prove the claim by induction. Define
by =min{(v,e;) : j € X, v eV, st. (v,e;) >0}. For k =1, take any j € P;. Since
wi (0) < Ig»l), we have (v1,e;) > 0. By (2.3.2), (3.2.11) and Condition 3.1.7,

i () 2 (one) doy (D) + D (o) Ao (u (1))

veEVY
(v,e5)<0

> bacr — Moy (t)
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for My = b,C'|V|, where C' is the constant in Condition 3.1.7. Applying the compar-
ison principle for ODEs, we see that for ¢ € [0,1], p; (t) > 1’54—021 (1 — e_Mzt) > bt

for some b > 0.

Assume the claim holds for £ < m, and let k = m+1. Forl € P11, since y; (0) <
:El(m+1) = ¢ (tm+1), and ¢ has representation (3.1.2), there exists m* € {1,...,m + 1},
such that (v,,«, ;) > 0, and therefore (v, e;) > bo. If m* = 1, the result follows
by applying the same argument in the £ = 1 case. Note that by (3.2.13) and the
induction hypothesis for k& = m, there exist Cy > 0 such that when m* > 2, for

t € 0,1],

)\v * t _ — m*— m* =2 i) 4

m

m*—1 dl

> C4tzi:1

Thus, combined with (2.3.2), (3.2.11) and Condition 3.1.7, there exist C5 > 0 such

that

fu(t) = (me,en) Ao () + Y (e d (u(t))
veY
(v,e1)<0

> C5t2?;171di — Mg,ul (t) .

> Cst=imd — Moy (1) .

Solving the ODE 4 () = CstXi= 4 _ Myu (), and applying the comparison principle,
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it follows that for ¢ € [0, 1],
Cs Mot ™ i 0 STLdi s
w(t) > — ¢ (—1)==° si=1%e™%ds
Ms==° — Mot
Cs — Moyt >y d 0 ™ od
> s (—1)==0 s&i=1% (s
M2 i=0 — Mot
> pmtDilo d’
for some b(™+Y) > 0. This proves the claim, and hence the lemma. O

3.3 The Variational Representation Formula

3.3.1 Variational Representation for a Poisson Random Mea-

sure

We briefly review the variational representation formula for a Poisson random mea-
sure stated in [6]. For any Polish space S let M, (S) denote the space of o—finite
measures on S. We equip M, (S) with the weakest topology such that for every
f € C.(S), the function v +— fs fdv,v € M, (S), is continuous. Let Y = [0, 00),
Yr = [0,T] x ), both equipped with the usual Euclidean topology, and let M =
M, (Yr). For some fixed measure v € M, ()), let vp = mr®v, where mr is Lebesgue
measure on [0,7]. For 6 € [0,00), let Py denote the unique probability measure on
(M, B (M)) under which the canonical map N : M — M, N (w) = w, is a Poisson
random measure with intensity measure fvr. Let Eg denote expectation with respect
to Py. For notational convenience, we omit the dependence of Py and £y on the fixed

measure V.



72
58

Now, define a controlled Poisson random measure as follows. Let W = ) x
[0,00) and Wy = [0,T] x W = Yr x [0,00), also equipped with the Euclidean
product topology. Let M = M,(Wr) and let P be the unique probability measure
on (M,B (M)) under which the canonical map N : M — M, N (w) = w, is a
Poisson random measure with intensity measure vy = vr ® m, where m is Lebesgue

measure on [0,00). Let E denote expectation with respect to P. Also, define
Gi=0{N((0,s] x A): 0<s<t,Aec BW)},

and let F; denote its completion under P. Denote by P the predictable o-field on
[0, T] x M with the filtration {F;},.,o, on (M, B (M)).

Definition 3.3.1. Let A be the class of (P @ B(Y)) \B[0, 00) predictable maps ¢ :
[0, T] x M x Y —[0,00).

The role of ¢ is to control the intensity of jumps at (s,w,z) by thinning in the r

variable. For ¢ € A, define N¥ : M — M by

NZ((0,t] x U) = / / Lj0,p(s0,2)] (r) N, (dsdzdr) , (3.3.1)
(0,e]xU J0O

fort €0,7],U € B(Y), w € M. We will suppress the dependence of ¢ (t,w, ), N,
and N¥ on w at later times. Then under P, N¥ is a controlled random measure on
Yr with ¢ (s, x) determining the intensity for points at location z and time s. With
some abuse of notation, for § € [0,00) we will let N? be defined as in (3.3.1) with
¢ (s,7) = 0. Note that the law (on M) of N% under P coincides with the law of N

under Py.
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Recall £ (+) as defined in (3.1.4). For ¢ € A define the random variable Lz (¢) by

L (¢) () = /y ((p (t,w,2)) vr (dtdz)

_ /OT (/[Om) (o (tw, ) v (da:)) dt, w e M. (3.3.2)

Definition 3.3.2. Define A, to be the class of (P ® B (Y))\B[0,00) predictable

maps o such that for some B < oo, ¢ (t,w,x) < B for all (t,w,z) € [0,T] x M x Y.

In later sections we will set 7' = 1, and hence the dependence of A and A,
on T can be omitted. Let M, (M) denote the space of bounded Borel measurable
functions on M. We then have the following representation formula for Poisson

random measures.

Theorem 3.3.3. Let F € M, (M). Then for any 6 > 0,

—logEg [exp (—F (N))] = inf E [0Lr () + F(N%)]. (3.3.3)

PEA
Proof. For F' € M, (M) and 6 > 0, it follows from Theorem 2.1 of [6] that

—logEg [exp (—F (N))] = — logE [exp (—F(NG))}
;gf_IE [0Lr () + F(N%)].

Moreover, Theorem 2.4 of [5] states that the above infimization can in fact be taken
over the smaller class of controls, such that ¢ (t,w,z) is bounded by B < oo for all
(t,w) € [0,T] x M and for all x within some compact set, and ¢ (t,w, z) is identical
to 1 for = outside the set. Since A, C A contains this class of controls, we obtain

(3.3.3). O
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3.3.2 Variational representation for the empirical measure

process

In this section we derive a variational representation formula for the empirical mea-
sure process u". We represent p” as a solution to a stochastic differential equation
that is driven by finitely many i.i.d Poisson random measures, and using thinning
functions to obtain the desired jump rates. We then derive a variational representa-
tion formula for u™, by viewing it as the image of a measurable mapping that acts

on the collection of rescaled Poisson random measures.

Take v = m, so that vr = mr®@m. For n € N, let {N]",v € V} be a collection of
i.i.d Poisson random measures (on Yr) with intensity measure nvr. Thus we have

the following SDE representation for the empirical measure process: for ¢ € [0,7],

i) =)+ Yo [

veY [0,¢

1 n
/1[0}\3(“71(3))](17)—]\]” (dsdz). (3.3.4)
)JY n
The existence of a solution to (3.3.4) is explained in the following argument.

From Condition 2.3.1 and (2.3.1), we can set

M = sup Ay (z) < oo. (3.3.5)

veEV, €S, ,nEN

Let M tom denote the set of all m = {m,,v € V}, where for each v € V, m, is an
atomic measure on Yz, with the property that m,({t} x [0, M']) > 0 for only finitely

many t. Define h : Mgiom X S X ([0, oo)S”)®|v| — D ([0,1] : S) as the mapping that
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takes (m, p, \") € Mgiom X S X ([0, OO)S”)®|V| to the process y defined by
=p+) v / / Lioap(y(sy) (2)moy (dsda). (3.3.6)
vEY [0,¢)

The existence of a solution y(-) to (3.3.6) is easily verified by the following re-
cursive construction. Set ty = 0, and define 3° (¢) = p for t > 0. Assume as part
of the recursive construction that for some k € Ny, a solution 3* (-) to (3.3.6) has
been constructed on the interval [0, 4], and that y* (¢) = y* (tx) for ¢t > t;. For any

t € [ty, T] and v € V, let

A, (t) = {(s,:z) DS E [ty t],x € [0, Ay (yk(s))} },

and

ti+1 = inf {t > t; such that for some v € V,m, (A, (¢)) >0} AT.

We then define y**1 : [0, T] — R by setting y*** (t) = y* (¢) for t € [0, txy1),

as (thgr) = / / 022 (%())] (x)m,(dsdx),
[trstryi]

veY

and setting y**t (1) = y** (t14) for t € [try1, T

Since m, has finitely many atoms on [0, 7] x [0, M'], the construction will produce
a function defined on all of [0, 7] in L < oo steps, at which time we set y (t) = y (¢).

Since N € M om for P,—a.e. w, we can write

W (1) = h( N, w) (0 (33.7)

for P,,—a.e. w € M.
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We now describe two classes of controls that will be used below. Recall that
Ur =vr @m. Let {N;L, v E V} be a collection of i.i.d Poisson random measures on

Wrr with intensity measure nvp. Let

Gl =0 {N"((0,s] x A): 0<s<t,Ae B(Y)}

and let F7 denote its completion under P. Denote by P" the predictable o-field
on [0,T] x M with the filtration {F}: 0 <¢ < T} on (M,B(M)). For n € N, we
denote .le?" and A®" as the n—fold Cartesian product of A, and A. Given ¢ € .Zl?'v'
we define the controlled jump Markov process g™ € D ([0,7] : S) to be the solution
to the following SDE: for ¢ € [0, T,

~n n 1 \T T
f" () = p"(0) +ZU/ /1[0,,\g(pn(s))](££)/ 10,00 (s, (1) =Ny (dsdzdr).
vey J0n)Jy [0,00) n
(3.3.8)
As described previously, ¢, (s, z) will control the jump rate as a function of (s,w, z).
In particular, the overall jump rate is the product A (4" (s)) @, (S, x), so that ¢,(s, )
perturbs the jump rate away from that of the original model. For v € V, let N]*¥
be defined as in (3.3.1), with ¢ replaced by ¢, and N replaced by N, and let

N™ = {N¥ v € V}. For fixed p € .Zl?'v', N™ € Maiom a.8. From the definition of

h(-), it is clear that (3.3.8) is equivalent to the relation

= h (%N"W"((J), A") .

Applying Theorem 3.3.3 and (3.3.7) we obtain the following representation for-

mula for p™.
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Lemma 3.3.4. For F € M, (S),

_% log IE [exp(—nF (u"))]

= inf E ZLT (po) + F(0") - g =h (ENW,M"(O),)\")] .

7|V
pEA, veY

Proof. Consider the space Y = Y x V and define a collection of Poisson random
measures {N"} on ) with intensity measure nvy @ |-|, where || is the counting

measure on V. Then the SDE representation (3.3.4) is equivalent to

1~
u"(t) = p™(0) —|—/ /Ul[O,Ag(p"(s))] (x)=N"(dsdzdv), te[0,T].
0.6)Jy n

Therefore for any F € M, (S), applying Theorem 3.3.3 with Y replaced by Y, v
replaced by nvr @ |-|, F () replaced by nF o h (-, i"(0), A") yields

—%logE lexp(—nF(u")] = —%logE {exp (—”F oh (%Nn’“n(o)’ An))]

= inf E

e

S brte pon (o)

veY

O

We now derive a simpler form of the variational representation formula than the
one given in Lemma 3.3.4. The starting point for Lemma 3.3.4 is the representation
given in [6], which is general enough to cover situations where the different points
in ) correspond to different “types” of jumps. For our purposes this is in fact more
general than we need, since all points in ) correspond to exactly the same type of
jump, and all that is needed from the space ) is that it be big enough that arbitrary
jump rates [such as A (4"(s))] can be obtained by thinning. Because all the z’s

play an identical role, one expects, and we will verify using Jensen’s inequality, that
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one can restrict to controls with no z-dependence. Thus we will replace the time,
state and v dependent controls A?M by controls A?M that only have time and v
dependence, and rewrite the running cost as a function of the new controlled jump

rates.

Definition 3.3.5. Define Ay to be the class of P\B[0,0) finite measurable maps
¢ :[0,T] x M — [0, 00).

Define A™ : A?M xS — D([0,1] : S) by

A=t Yo [

veY (0.t

1
/1[075[U(s)]($)—N;L(d$dI). (3.3.9)
)JY n

A" (-, p) is well-defined for a € A?M.

We are now in a position to state the main variational representation formula,
the proof of which is deferred to Appendix B. The representation is the right one for
finite state Markov chains, and expresses the variational integrand as the sum of a
cost for perturbing jump rates, plus the expected value of the test function evaluated

at the process which uses these perturbed rates.

Theorem 3.3.6. Let F' € M, (S). Then

_ %]ogE [exp(—nF(u"))]

= inf E

acAZY!

S [ () d - = A (0)
vey Y0 v
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3.3.3 The Law of Large Numbers limit

We prove the law of large numbers limit (Theorem 2.3.2) at the end of this section.
First recall the law of large numbers result for scaled Poisson random measures: for
any A € B([0,1] x [0,00)) such that m; ® m (A) < oo, TN (A) — m; @ m(A) in
probability, for any v € V. This implies that for any f € C.([0,1] x [0,00)) we have
fo I5° f (s, ) TN (dsdx) fo 15" f (s,x) dsdz. Rewrite (3.3.4) as

w0 =t Yo [N (s)) ds 4 ),
veV [0,2)

where M™(t) = >, .y, fot I Lopn(unsy (@) (AN (dsdx) — dsdx). Recall that A7 con-

verges uniformly to A, (by Condition 2.3.1). Therefore if for any ¢ > 0,

P(sup,epo ) [[M™(¢)[| > ) — 0, then p" — p in probability (uniformly on ¢ € [0,77),

for some g which satisfies
=p+Xvf n
veV

which is the integral version of (2.3.2). The uniqueness of the solution p(-) to the

above equation follows from the Lipschitz continuity of A, (-).

Since {M™(t),t > 0} is an {F]'} —martingale, for any ¢ > 0 Doob’s inequality

gives
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P < sup || M"(t)| > 5)
te[0,T]

1 n

< SElIM (T)||2
2
1 n
— Z 1[0 An(un ()] )E(N” (dsdzr) — ndsdx)
veV

< |V|2 // dsdx

ne

as n — 0o, where M is defined as in (2.3.1). This completes the proof.

3.4 Proof of the LDP Upper Bound

A large deviation upper bound for a general class of Markov processes was obtained
in [13]. We briefly describe the results in [13] below, specialized to the current setting.
For every n € N, recall the Markov process p* on §,, with infinitesimal generator £,
given by (2.2.5). Theorem 1.1 of [13] applies to a slightly different class of Markov

processes, with infinitesimal generator described by
1
—nZ)\ { (x+ v) —f(a:)] , (3.4.1)
veV "

where )\, takes values in (2.3.6).

The difference between (2.2.5) and (3.4.1) is the n—dependence of jump rates.
However, since A convergences uniformly to \,, Theorem 3.4.1 below implies that

these processes have the same LDP rate function. The proof follows by a standard
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coupling argument, and will be deferred to Appendix C.

We assume Condition 2.3.1 for the results in this section. In what follows we
denote ||z — yl|, = supsep | (t) —y ()] for =,y € D([0,1] : §). Recall that two
squences of Markov processes { X"}, {Y"},cy C€ D ([0,1] : S) are called exponen-

tially equivalent, if for each € > 0,

1
limsup —log P (|| X" — Y"|| >¢) = —o0.
n

n—oQ

Exponential equivalence implies that {X"} _ satisfies the LDP with a given
rate function if and only if {Y"}, _ satisfies the LDP with the same rate function

(Theorem 1.3.3 of [12]).

Theorem 3.4.1. Assume the family of jump rates {\, (z),z € S,v € V} satisfies
Conditions 2.3.1. Let {X"}, .y, 1Y "},en be a squence of Markov processes with
generator L, and LY respectively, and with X™ (0) = Y™ (0). Then {X"} and {Y™"}

are exponentially equivalent.

For z,a € R, define

H(z,a)= Z A () (exp (a,v) — 1).

veY

Note that H is continuous. Let LY be its Legendre-Fenchel transform defined by

L% (x,3) = sup [{a, B) — H (z,a)] . (3.4.2)

acRd

Also, for ¢ € [0,1] define I? as in (3.1.5), but with L replaced by L°.
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Proposition 3.4.2. For any compact set K C S and M < oo, the set

{v:I°(y) < M,7(0) € K}

is compact. Assume the family of jump rates {\, (z),x € S,v € V} satisfies Condi-
tions 2.3.1. Also, assume that the initial conditions {u" (0)}, oy are deterministic,
and " (0) — po € P(X) as n tends to infinity. Let {Y"}, .y be a sequence of
Markov processes with generator L2, and Y™ (0) = u™ (0). Then {Y™} satisfies the

large deviation upper bound with rate function I°.

Proof. This follows from Theorem 1.1 of [13] with ¢ = 1/n, a(-) = b(-) = 0, and

[y () = lyes Zvev Ao (517) 0y () 0

We have introduced functions L° [in (3.4.2)] and L [in (3.1.3)], defined respec-
tively in terms of a Legendre transform and relative entropy. The next proposition

shows they are two representations of the same local rate function.

Proposition 3.4.3. L (x,3) = L°(x,3) for all x € S, 3 € A41L,

Proof. Defining h,, : R — R by h,, () = a(exp ({(a,v)) — 1) for v € R? and a €
0,00), we can write H (x, ) = > <y, hoao(x) (@). The Legendre-Fenchel transform

of h,, can be computed explicitly as

al (y) if g = avy,

00 otherwise.

hya (B) =

Since H is a finite sum of convex functions, we can apply a standard result in convex

analysis to calculate its Legendre-Fenchel transform (see, e.g., Theorem D.4.2 of
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12)):
<Z hv,M(@) = inf {Z th () (Bo) : Zﬁv = ﬁ} .
veVY veY veY
Hence,
Pep= ol 25 " (xm) = L)
O

Combining Theorem 3.4.1, Proposition 3.4.2 and Proposition 3.4.3, we conclude
that that I () satisfies (3.1.7), and has compact level sets for compact sets of initial

conditions.

3.5 Properties of the Local Rate Function

In this section we establish useful properties of the function

L(z,B)= _ inf ZAU (z) ¢ (A qu)) L, x €S, e AT (3.5.1)
veY v

q:Zuev vy =0

which is defined in (3.1.3) as a proposed local rate function for {x"}, . In what

follows we denote the relative interior of S by int(S). Also, for a > 0, define

S = {peS:dist(p,dS) > a}

Notetha‘ fOI‘ZEGS ,Ii>a/\/af0r'l.—1,...,d.

Throughout this section, we assume Conditions 2.3.1, 3.1.1 and 3.1.4 hold for
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{A ()},ep- Given a set of vectors {Uj}le C R? the positive cone spanned by

{Uj}le is defined by

F
C{u;}= {v € R? : there exist a; > 0 with v = ZajUj} . (3.5.3)
j=1
Also, define V, = {v € V: A, (z) > 0},
Vi = {veV:forany a >0, infesa A, (z) > 0}. Under Condition 3.1.1, for = €
int(S), V, = V4. The following observation follows from the definition of a commu-

nicating path.

Proposition 3.5.1. For x € int(S), C{v:v e V,} =C{v:veV,} = AdL

It is also convenient to introduce another function L : [0, 00)V/x A9~! — R which,

for any vectors u € [0,00)V! and 3 € A?"!, is defined by

L(w,B)= _ inf ;uvf (q—) . (3.5.4)

q:Zuev vqy=0 . v

Lemma 3.5.2. L is jointly strictly convez in u € [0,00)V and 3 € A, The
function L defined in (3.5.1) is nonnegative and uniformly continuous on compact

subsets of int(S) x A4 and for each v € S, L (x,-) is a strictly convex on AL,

Proof. The joint convexity of the function

(u, q) € [0,00)Ix[0,00)" = >, 1l (go/uy) is immediate. The joint convexity of
L then follows since it is the infimum of a jointly convex function subject to an affine
constraint. To show that L (z,-) is strictly convex, note that ¢ — >, ), up? (qu/uy)
is strictly convex, and goes to infinity as [|¢|| — oo. Thus the minimum on a closed
convex set is uniquely attained: given any u € [0,00)"l and 3 € A%!, there exists

¢* (8) such that > ., vg; = B, and L (u, 3) = >, oy uul (¢} /us). Therefore for any
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B # B2 and § € (0,1),

OL (u, B1) + (1= ) Lu, ) =6 3w, (qv 51) (1_a>zuve(%)

veY veY
> Z (5% Bi) + (uv d) q, (ﬁz))
veY

> L(u,03;+ (1 —6)B).

The nonnegativity of L follows directly from the definition (3.5.1). For any a > 0,
by Remark 3.1.2, A, (+) is either identically zero or uniformly bounded below away
from zero on S°. Fix any 3 € A%!. By Proposition 3.5.1, there exists ¢ € [0, 00)"!
such that Zvew vq, = 0, and g, = 0 for v € V\V,. Since A, (+) is continuous, it

follows that L is uniformly continuous on compact subsets of int(S) x A4t The

strict convexity claim follows by noting L (z,-) = L (A (x),-) for any = € S. O

The following elementary inequality can be proved using Legendre transforms.

Lemma 3.5.3. For a,q € [0,00) we have al (g) +ale—1)>q.

We now study the asymptotic behavior of the proposed local rate function L.

Proposition 3.5.4. Given a > 0, there exist constants B = B (a) < oo and Cy =

Cy(B),C3 =C5(B) < oo, such that

C lo if v € 8% and € A1, > B
Leg<d & 18] 1og || 8] if B 18]l
Cs if v € 8% and B € AL ||B]| < B.

For B < oo sufficiently large, there exists ¢; = ¢ (B) > 0 such that

L(x, ) = c1 || 5[ log [| 3]



86
72

ifr € S and € AL ||B|| > B. In particular, L (x, 3) is superlinear in (3, uniformly

m x.

Proof. Fixa > 0. For any B < oo, since {(:E,ﬁ) € SAx AT 18] < B} is a compact
subset of int(S) x A%"1, the uniform boundedness of L on this set follows directly

from Lemma 3.5.2.

For the upper bound when ||3]| > B, we first assume [|3|| = 1. By Proposition
3.5.1, there exists a bounded vector ¢ = ¢ (3) € [0,00)"!, such that Zvew v, = 0,
and ¢, = 0 for v € V\V,. By taking an open cover on {ﬁ B e A8 = 1}, one
can assume max, |g|=1 |¢» (8)| is bounded. By scaling, it follows that there exists
some constant co > 0, such that for any 8 € A%™!, there exists a vector ¢ € [0, c0)!V!
such that »_ o, vq, = B, max,|q| < ||, and g, = 0 for v € V\V,. It follows

that for some ¢4 < o0,

L(z,8)< ey qulog

veY

0
sy < Cellalo 3|

if ||5]| > B, for some B sufficiently large and « € §®. This finishes the proof of the

upper bound.

Now, consider the lower bound in {(z, ) : ||| > B,z € §}. Using Proposition

3.4.3, we have for t > 0, a = tﬁ, and M < oo defined as in (2.3.1),

L(z,8) = (a,8) — H (x,a)
>8] =Y (x) exp (a,v)

veY

> 19 - a1Vl exp (max ol ).
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Setting t = - log |3, this implies
1
L(z,p) = 181 og |81 = M VBN = ed (|81 1og I 5]l
max,ey ||v||
for some constant ¢; > 0, provided ||| is sufficiently large. O

When applying Proposition 3.5.4, we will always assume (without mentioning
in explicitly) that B is chosen to be a sufficiently large number so that all parts of

Proposition 3.5.4 hold.

Proposition 3.5.5. Given0 < a <b <1 and& > 0, suppose thaty € AC ([a, b 85)
satisfies f;L (v(s),%(s))ds < oo. Let {75}5>0 € D ([a,b] : 8) be such that
SUDse 0,4] Hv‘; (1) —v(t)H — 0 as  — 0. Then for any ¢ > 0, there ezists 0y =

8o (€, €) > 0, such that for § < dy, ffL (v (s),7(s))ds — fabL (70 (s), %4 (s)) ds) <e.

Proof. Fix £ > 0,0 < a < b < 1. Let Ay C [a,b] be the set for which 5 (-) is
well defined, and let B = B (£/2) be the sufficiently large constant from Proposition
3.5.4. Then [a,b]\Ap has measure 0. Define A = {s € Ay: |7 (s)]] < B}. Given

€ > 0, choose B larger if necessary such that

/ L(v(s),5(s))ds <e. (3.5.5)
[a,b]\ A

Then by dominated convergence and the continuity of L (-, 3) for fixed 8 € Ad-1

established in Lemma 3.5.2, we have

/L(75 ()4 (5) dSﬁ/L(q (5),4 (s)) ds. (3.5.6)
A A

Then, with constants Cy = Cy (B), ¢ = ¢ (B) from Proposition 3.5.4, it follows
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that

/ L(7°(s),7(s)) ds < Cz/ 17 (s) | log | (s)]| ds
[a,b]\A

[a,b]\A

< Cyfer /[ MACRIOE

S 028/01.

Together with (3.5.5) and (3.5.6), this implies that for ¢ sufficiently small,

[ Lo aeNds— [[LGH) 5 0) ds| <ot et Caefer = (24 Cofer)e

Lemma 3.5.6. Suppose that v € AC([0,1] : S) satisfies f;L(v (s),%(s))ds < o0

for some 0 <a <b<1. Then

1
(1) = (@)l log 72— — 0 astLa
Proof. Fix t € (a,b) and let Ay C [a,b] be the set for which 4 (-) is well defined.
Then [a,b] \ A¢ has measure 0. Now observe that [|% (-)||log || (*)|| € L' ([a,?] : S).
Take some sufficiently large B < oo from Proposition 3.5.4, and let
A= {sela,b]:|%¥(s)] < B}. Then by Proposition 3.5.4, there exists ¢; = ¢; (B),

such that

1
/||7 s 5 (5} ds <
[a,b]\A

<2 [ L(v(s),4(s))ds + (Blog B) (b —a).

&1

L(v(s),3 ())ds+/ABlogBds
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By Jensen’s inequality,
b ) t)—v(a t)—v(a
[ o5 9 ds > (¢ = )| HE=2D g | 10 =71)
y(t) —v(a
= Iy (1) = 7 () 10g 11 =211
—a

The lemma follows by observing that both the left hand side and

l7 () = v (a)[[log || (¢) — v (a)]| goes to zero as ¢ | a. O

Lemma 3.5.7. Let ¢y (6) be given such that co(0) — 1 as § — 0. Suppose that

r €S, {$5}5>0 €int(S), are such that Ha: —1’5H — 0 asd — 0, and for any 6 > 0

and v € V, ’\((m) < ¢ (9). Then there exists ¢ = c(9) that only depends on cq (0)

and Ha: — 2%|, and goes to zero as & — 0, such that for any 8 € C{v:v € V,},

L(z,8) < (14¢(8)L(2°,8)+c(6).

Proof. Fix 8 € C{v:v € V,}, and take ¢ € [0, 00)!V! such that > ey, V¢ = 3 and
¢y = 0 for v € V\V,. By the continuity of {\, (-)} and the fact that they are either
identically zero or bounded uniformly from below in int(S) (Condition 3.1.1), it
follows that for x €int(S) and ¢ sufficiently small, V,s = V,. For x € 9§, V, C V,s
if {:175} s-0 approximate x from the interior. Therefore for ¢ sufficiently small, the
same vector ¢ we take before satisfies ZUGVIJ vq, = F and g, = 0 for v € V\V,5. It

suffices to show that for any ¢ > 0,

UGZVA ( (I)) (1+c(s UGZVIA ( ($))+c(5), (3.5.7)

where ¢ (9) is independent of q.
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Note that there exist C; < oo, such that
qv ) QU
Ao ()0 — Ao 0 —
Srer(3) -5 ()
Ay (2°
== 2 dlog )\v((a:)) + > (@) =2 (o))

VEV, vEV,

S logco (5) Z ‘) + Cl H$ - I’JH

vEVy

<togen ()3 (0 (0) (52555 ) + 0. () (e~ 1))+ Ci =)

vEVy

< logco (0) Z Av (fé) 4 (%) + 2 (9),

vEVy

for Cy(0) =logeco (0) M |V|(e — 1)+ C} Ha: — 555H, where the first inequality follows
from the assumption and Lipschitz continuity of {\, (:)}, and the second inequality

follows from Lemma 3.5.3 by taking a = A, (555) and ¢ = ¢,. It suffices to take
¢(0) = max{logcy (0),Cs (d)}. O

Notice that for 5 ¢ C{v:v € V,}, the conclusion of the above Lemma holds

trivially since the right hand side is infinity.

For t € [0,1] and ¢ > 0, define

Ve (s) =7 (cs), sel0,t],

which is a time reparametrization of v. The next result is used in the proof of the
locally uniform LDP in Section 3.7. It states that given a path ~ with finite cost,

the cost of the path depends continuously on the reparametrization of time.

Proposition 3.5.8. Fort € [0,1) given, suppose v € AC([0,1] :S) is such that

Ii () < 0o. Then the function ¢ — Iy (7.) s continuous at 1.
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Proof. First note that for ¢ close to 1, 7. € AC ([0,t/c] : §) and

t/c t
T () = / L(y(cs), e (cs)) ds = © / L(y(r), ¢ () dr.

Cc

It suffices to bound the integral of %L (v,¢%) — L(v,%). Recall the definition of L
n (3.1.3). Since v is absolutely continuous, ¥ (u) is a.s. well defined. For any fixed

u € [0,t] such that # (u) is well defined, for any e > 0, there exists ¢ € [0, 00)I, such

that ) ), vq, = ¢ (u) and

Soh () () <L) () e

veY

We also have

12 (qvlog e ))—qvmw(u))) ( log, )Zq
+(1—§)U;Am<u>>
z%L(v(u),cﬁ(u)H(llogi)Z% (1——)2A

veY

(3.5.8)
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Similarly, by taking ¢ € [0, 00)Vl, such that 3", vg, = % (u) and

CQy .
IRNCOL (W) < L(v(u), ¢ (w) + ez,

an analogous computation yields

FLO() 65 0) = L) A ) = (o) Y= (1 1) a1 ) -
veV veV

(3.5.9)

We apply Lemma 3.5.3 with a = A, (7 (u)) and ¢ = ¢, /¢, and the boundedness

of \, to obtain

IN

0 X (v () e e )

veY veY

Ly (u),d ) +e+a

IN

for some ¢; < oo. Thus, combining with (3.5.8) and (3.5.9), we see that for

c sufficiently close to 1,

L (v (u), ey (w) = Ly (u), 7 (u)

1
\
<MV '1 - %' —I—max{log%,clogc} (L(y(u),y(u)+e+c)+e.

Since I (7y) is finite, one can integrate over [0, ¢], take ¢ — 1, and then send ¢ — 0 to

complete the proof. O

3.6 Proof of the LDP lower bound
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We now turn to the proof of the LDP lower bound. It suffices to show that for any
fixed trajectory v € D ([0,1] : S), given any € > 0 and § > 0 there exists n > 0 such
that if ||x" (0) — v (0)]| < n for all n large enough,

1
liminfglogIP’(H,un Yoo <6) > —I(7) —¢.

n—

Without loss of generality we assume I (y) < oo.

One source of difficulty here is that the transition rates of "™ may tend to zero
as u" approaches the boundary of S, which will lead to singularity of the local rate
function. Our approach here adapts an idea from the study of a discrete time model
in [15]. We first show that the singularity can be avoided except for ¢t = 0, by slightly

perturbing the original path, with arbitrarily small additional cost.

3.6.1 Perturbation argument

We start with a direct evaluation of the hitting probability of jump Markov processes

on a finite state space.

Lemma 3.6.1. Let {Y (t)},5, be a jump Markov process with finite state space
{50, 81, .-+, Sn}. Fori=0,....n—1, suppose that the jump rate from state s; to s;y1
18 bi11, and the sum of jump rates from state s; to all other states is bounded above
by c < oo. If Y (0) = s, then

1 n n

P (Y (t) = sn) = — (12 ;) " exp (—ct).

n!

Proof. Let p(t) be the probability distribution of the process at time t: p; (t) =

P(Y (t) = s;). Then the Kolmogorov forward equation takes the form p = Ap,
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where A is the rate matrix for Y. By the comparison principle for ODEs, it follows

that p; (t) > r; (t) for all © € X', where r (t) is the solution to

Solving this equation explicitly gives p, (t) > 1, (t) = & (IT7_,b;) t" exp (—ct) . O

The idea of the perturbation argument is as follows. Recall the definition of S§¢
in (3.5.2). For any a > 0 fixed, by Remark 3.1.2, the rates \, (-) are either identically
zero or uniformly bounded below away from zero within S®. Therefore, a standard
approximation argument can be used to establish the LDP in §%, uniformly with
respect to the initial condition. When ~ (0) = z € §/8%, by using Condition 3.1.3,
one can construct a perturbed trajectory of v, that hits §* in an arbitrarily short
time as @ — 0, and in such a way that the difference in cost between v and the

perturbed trajectory can be made sufficiently small.

Lemma 3.6.2. Assume the family of jump rates {\, (z),z € S,v € V} satisfies
Conditions 2.3.1, 3.1.1 and 3.1.3. Consider v € AC ([0,1] : S) such that I () < oo.
Then given any € > 0, there exists b > 0, D < oo and a trajectory v € AC ([0,1] = S)

such that
i) v(0) =7(0) and [lv — 7|, <e,
i) vj (t) > btP for j=1,...,d and any t € [0,1],

i) I (v) <I(y)+e.
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Proof. For 0 < p < 1 define v = pu + (1 — p)~y, where p is the law of large
numbers trajectory defined in (2.3.2) with p(0) =~ (0). Let Cy be the diameter of
S. Then we have ||[v* — ||, = pllr — 7], < Cap. Also, one has the lower bound
Ve (t) > ppy (t) > pbt? for some D < oo by Condition 3.1.3. Therefore, it suffices
to show iii). We first show that there exists ¢ (p) < oo which goes to zero as p — 0,

such that for any t € [0, 1],

L(wP(t),5 () < (A +c(p) Ly ()7 () +clp). (3.6.1)

Indeed, since v; (¢) /uf (t) < 7= and [[of (t) — 7 (t)|| < Cup for i = 1,....d, by

Condition 3.1.1

LO0) (1

dCq
Ao (U7 (1)) 1— p> exp (f (p)), for every v €V,

where f (p) = max,cp,c,, fo (s). Since the right hand side goes to 1 as p — 0, (3.6.1)

follows by applying Lemma 3.5.7 with z = ~y (t) and z* = v” (t).

Likewise, p; (t) /vf (t) < 1/p and [[vf (t) — i (1)]] < Cq(1 —p) for i = 1,...,d,

thus Condition 3.1.1 implies

M) (N
Av(w(t))ﬁ(p) p(f(1=p)). (3.6.2)

Therefore, by the definition of L (3.1.3) and the fact that f(t) = Y ., v, (1 (),

we have

veV !

< Chlogl/p+ Cof (1 —p)+ Cy

for some Cy < oo, where we apply (3.6.2) for the last inequality.



96
82

By (3.6.1) and the convexity and nonnegativity of L (x,-) stated in Proposition

3.5.2, one has

L (v (t),0" (1))

IN

L (0" (t), 7 (t) + pL (v (1), o (t))

< (I4c(p) Ly (E),7@) +cs(p)-

for ¢5 (p) = Caplog1/p + Cspf (1 — p) + Cap + c(p). Integrating both sides of the

last inequality over [0, 1], we get

L) <(T+e(p) () +es(p),

and thus iii) holds with v = v? for p > 0 sufficiently small. O

In view of Lemma 3.6.2, it suffices to establish the lower bound for paths v &€

AC([0,1] : S) with I () < oo that satisfy the additional condition

i(t) > bot” for some by > 0, D < oo and for all ¢ € [0, 1]. (3.6.3)

3.6.2 Analysis for ¢ € [0, 7]

Given 6 > 0, for 7 > 0 sufficiently small we can use excursion bounds for jump

Markov processes (Lemma 3.6.4 below) to establish a lower bound for the quantity

P < sup [|pu" (t) =~ (1] < 5) :

te0,7]

The more difficult part is to obtain for any 0 < ¢ < ¢ a lower bound for

P(||u™(1) —v(7)|| < o) that is uniform in p"(0) as long as ||x"(0) — ~(0)|| is suffi-
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ciently small.
Given e > 0, 7 € (0, 1], for any o > 0, define the penalty function g : S — R
g(x) = O el (3.6.4)
2e else.
We then have
P([|p" (1) = 4(7)|| < o) + 72" > E [exp(—ng(u"(1)))] - (3.6.5)

Recall from Theorem 3.3.6

_ %logE [exp(—ng(u" (7)))]

= inf E

acAZ

> [ o () b ot (n) = @ 0)

vey 70

We now state the main result of this subsection.

Lemma 3.6.3. Assume the sequence of deterministic initial conditions {p™ (0)}, cx
converges to pg € S as n tends to infinity. Then, given € > 0 and § > 0, there exists
T > 0 such that for any o > 0, there exists n = n (o) > 0, such that ||po — v (0)|| <7
implies
to s 1 n n €
liminf —log P ( [|u" () =y (T)|| < 0, sup [[u"(s) =7y (s)[[ <0 | = —5.
n—oo N 0<s<t 2

Proof. The idea is to argue that for large n and small 7, u™ stays close to a com-

municating path (defined in Condition 3.1.4) that connects 7 (0) to « (7). Since
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the jump rate is bounded below away from zero along such a path, one obtains a
nice upper bound for the cost. By Condition 3.1.4 and Remark 3.1.6, there exists
a communicating path ¢ € C ([0,7]: S), with ¢ (0) = v (0) and ¢ (7) = v(7), and

F.U < oo, {vm}izl CVand 0=ty <t; <---<tp=r,such that
¢(t) =) a(th, ae te(0,7],
veY

where
Ulp, ey () fv=v,,m=1 .. F

0 v ¢ {'Um}f;zl :

Also, by Condition 3.1.4 and (3.6.3), there exist ¢, p, D < oo and ¢y, ¢ > 0, such that

1 T
e = |

ay(t) =

b0 < VOO0 5600

and
p
Ao, (P (5)) > ¢ <minm- (7‘)) > comPPif s € [tm1,tm], m=1,..., F. (3.6.7)

Define ™ = A™ (&, 1" (0)), where A™ is as defined in (3.3.9). The LLN for Poisson
random measures implies that {f"},_ converges uniformly on [0, 7] in probability

to I, where e (0) = pPo;

d

() = > au(t, ac. te0,7]. (3.6.8)
veY

By the Lipschitz continuity of A, (-), the fact that ||z (s) — ¢ (s)|| = ||po — v (0)||

since they use the same velocity, and (3.6.7), for any fixed 7, there exists some
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no (1) > 0, such that for any n < ny (1), if ||[po — 7 (0)|| < n, then
_ CO Dp —
Aoy, (fi(S)) > 27 for s € [tp—1,tm], m=1,..., F. (3.6.9)

For n < ny (1), we can bound the cost along the path i by (each inequality will be

explained below)

IL(p) <) /0 Ao (f(t)) € (ﬁ(g))) dt

ve z
< |va A2 (1og 1) = 01 - tog (1)) + 0]

< Cally (1) =~ (0)[[Tog [l () =~ (0)] +C4||7(T)—7(0)||10g%+047

(3.6.10)

for some Cy < 0o, where M is defined in (2.3.1). Here we used the definition of L
and (3.6.8) to obtain the first inequality; (3.6.6), (3.6.9), and (2.3.1) for the second
inequality. By Lemma 3.5.6, ||y (1) — v (0)||log 2 — 0 as 7 — 0, together with the

continuity of 7 we obtain I, (i) — 0.

We next bound the costs for the jump processes {fi" }, .y by making use of its law
of large numbers limit. For fixed 7, we use the fact that A\, are Lipschitz continuous
(by Condition 2.3.1), and A, (f (t)) is uniformly bounded below away from zero if
lpo =~ ()] < o (7) (by (3.6.9)). Therefore, A% (i" (2)) £ (aw /Ay (5" (2))) converges
in probability to A, (i (¢)) € (/A (B (t))) uniformly for ¢ € [0,7]. Then for n <

min {7y (7),0/2}, applying the dominated convergence theorem and using the upper
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semicontinuity of g defined in (3.6.4), we have

limsup E

n—oo

> [ (5 ) de ot () = A (@ 0)
vey 70 v

> / () ¢ (AQT(Z») it + g(u(r»]

< Cally (1) =~ (0)[[log Iy (7) =~ (O)] + Cally (7) =7 (O] 10g% + Cur,

where the last inequality follows from (3.6.10) and (3.6.4). Choose 7 > 0 sufficiently
small such that the last expression is less than £/2. Combining the last display
with the representation formula, for all sufficiently large n and sufficiently small 7,

oo = ~(0)]| < n implies
1 n
—ElogE[exp(—ng(,u (1)))] <¢e/2. (3.6.11)
When combined with (3.6.5), this gives a lower bound on P(||x"(7) — v(7)|| < o).

We will conclude the argument by establishing an upper bound for the excur-
sion probability for p" during [0, 7]. Given £ > 0, applying a standard martingale

inequality (stated as Lemma 3.6.4 below), for sufficiently small 7 we have

P( sup [l (s) — u(0)]) > g) < 2dexp (<ne)

0<s<t

On the other hand, by taking 7 smaller if necessary we can guarantee that

SUPsepo, 17 (8) — v (0)[| < 6/3. Tt follows that for n € [0, 4],

(s 1076 1 (01> 8) <P (s i) w0 > 5)

0<s<r 0<s<r 3

< 2dexp (—ne)
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Combining this with estimates (3.6.5) and (3.6.11) we arrive at the desired conclu-

sion. ]

The following lemma is an adaptation of Lemma 2.3 in [13]. The lemma follows

from bounds for certain exponential martingales.

Lemma 3.6.4. Let C} = max,ey ||v]|,Cy = M |V|C1, and define

(8)=g-b1og (6/C) — 1

for b > Cy. Then £ (b) /b — 00 as b — oo, and given any § > 0, for all T < 2\/‘202

P (s 1 ()= 0 2 6) < 2desp (-t () ).

3.6.3 Analysis for ¢ € [r, 1]

Let B (x,r) denote the open Euclidean ball centered at x with radius r. Also, for

v € AC (|r,1] : §) such that v (1) = y, we denote

to emphasize the dependence on y. PP, and E,, denote the probability and expecta-
tion, respectively, conditioned on u™ (7) = y,,. Define the mapping A” : A?M xS —

D([r,1]:S) by

@ =p+Yv [

veEY [Tt

1 n
/ Ljo,au(s) (¥) = Ny (dsdz),
yJY n
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for a € A?M and p € S. It suffices to study a path ~ that satisfies (3.6.3). Therefore
we can assume [Y(y) < oo, and that there exists & > 0 such that 7 (¢) lies in S¢ for

t € [r,1]. We will prove the following uniform Laplace principle upper bound for

{1 ()} pen on 7 1:

Proposition 3.6.5. Let £ > 0 as defined in the previous paragraph, and fix y €
S¢. Then there exists o > 0 such that for any bounded and Lipschitz continuous

functional F on D ([1,1] : S),

1
liminf inf (— logE,, [exp(—nF(1"))] — G (yn, F)) >0, (3.6.12)
n—oo y,€B(y,0) \ N
where
GlyF)=— it [+ F(x)]. (36.13)

YEAC([7,1):8¢)
In particular, this implies the uniform large deviation lower bound: for any e > 0

and 6 > 0, there exists o > 0 such that for any y, € B (y(1),0),

1
liminf — log P, < sup [|u" (£) =7 (D] < 5) > -1 (7) - £
]

n—oo 1 te[r,1

The proof of Proposition 3.6.5 relies on the following approximation argument,

which we now establish.

Fix y € 8¢ and a bounded and Lipschitz continuous functional F on D ([7,1] : S).
By Proposition 1.2.7 of [12], to prove (3.6.12), it suffices to show that for any sequence
{¥n},en such that ||y, —y[| — 0 as n — oo,

lim inf 1 logE,, [exp(—nF(u"))] > G (y, F). (3.6.14)

n—oo M
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In other words, it suffices to show that for any ¢ > 0 and ~. € AC ([7', 1] : 85)

such that — (1¥(7.) + F(7.)) > G (y, F) — ¢,

lim inf log By, [exp(—nF(p"))] = — (IY(v:) + F(7:))

n—oo M

or

: 1 n
lim sup - logE,, [exp(—nF(1"))] < IY(v.) + F (7).

Fix ¢ > 0 and denote 7. simply by 7. We now approximate v by a piecewise

linear path. Let A = 1_77 for some m € N. For k = 0,1,....,m — 1 let a2 =

1 rrHE+1D)A

X Jragn Y (8)ds. Define

() =af ifte(THEATH(k+1DA), k=0,...,m—1,

and

YA () =y + /t 48 (s)ds fort € [r,1]. (3.6.15)

Then ~* is the piecewise linear interpolation of the continuous process v with mesh
size A. Note that for any v € V and t € [7, 1], \,(7? (¢)) is continuous and uniformly
bounded away from zero. The proof of (3.6.12) thus relies on the following standard

approximation result.

Lemma 3.6.6. Let v € AC ([7', 1] : Sﬁ), and define v* as in (3.6.15). Then for any
e > 0, there exists Ao (e) > 0, such that for any A < Ag(€), and a.e. t € [1,1],

there exists a piecewise constant vector ¢° (t) such that Y- ., vg? (t) = 52 (t), and

1 A
/T 3 (A () (A%Tt()t))) dt < I (7) +e. (3.6.16)

veY

Proof. We first claim lima—o I¥ (v*) = IY(y). Define {:BkA};n:_Ol € [0,00)"! such
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that for v € V,
1 TH(k+1)A
A

TR, = — Ao (7 (5)) ds.
fex L, MOW)
Define 22 (t) = 28 if t € [T + kA, 7+ (k+ 1) A). Recall the definition of L given

in (3.5.4). By the joint convexity of L established in Lemma 3.5.2 and Jensen’s

inequality,
1 m—1
/ L(z®(s),%*(s))ds = A Z L (zp, ax)
T k=0
m—l ari(k+1)A
<Y [ LAGE) A=)
k=0 T+kA

Since 1Y (y) < oo by the continuity of L and dominated convergence theorem we
conclude that

1

iii% L (a:A (s),%° (s))ds =1V ().

Furthermore, note that L ()\v (WA (s)) A (S)) =L (WA (s), ¥ (5)), and

SUDselr,1] H)\v (WA (s)) — A (S)H — 0 as A — 0. Apply Lemma 3.5.7, we have

IN

1Y (v*) - / L (2% (s),%%(s)) ds c(A) sup/ L (22 (s),%% (s)) ds + c(A)

A>0
< c(A) 1Y (y) +c(h),

for some ¢ (A) — 0 as A — 0. The claim is proved on taking A — 0.

For k = 0,...,m — 1, fix some t, € (7 + kA, 7+ (k+1)A). We can take g5 €

[0, 00)¥! such that Y- ), vgs, = ax, and

A
L(’YA (tk) WA (tk)) > Z )\v(f}/A (tk))f (%) — % (3617)
veVY v k

Since 7 € AC ([r,1] : §¢), by the uniform continuity property of rate function in



105
91

the state variable, which is stated in Proposition 3.5.5, choosing A sufficiently small

we have

m—1  a(k+1)A+T -
/ Ly (t) , 4 (t))dt| < —. (3.6.18)

Define
W) =g (t),ifte(T+kA T+ (E+1)A), k=0,...,m— 1.

Applying Lemma 3.5.7 again and integrate over t € [r, 1], there exists ¢ (A) which

goes to zero as A — 0, such that

/T UGZVA (%) dt (3.6.19)

- m=1  .(k+1)A+T A qkAw
> [ T (t’f)”(Av(vA <tk>>>dt

k=0 veY
< J(A m—1  (k+1)A+T A qkA A
< | )kZ:O/WT UGZVAU(V (ti)! <m> dt + ¢ (A) (3.6.20)

By (3.6.17), (3.6.18), and the fact that ¥ (y*) is finite, one can take A smaller if
necessary so that the LHS of (3.6.20) is less than /6. The conclusion follows by
combining (3.6.17), (3.6.18), (3.6.20), and the convergence of I¥ (v2) to 1Y (y). O

We now complete the proof of Proposition 3.6.5. By Lemma 3.6.6, for any € > 0,
there exists A sufficiently small and a collection of piecewise constant functions
{a (- } on [7, 1] that satisfy (3.6.16). It follows directly from the LLN for Poisson
random measures that as n — oo, g" = Al (qA, yn) converges uniformly on |7, 1] in
probability to 42. Therefore, by the uniform continuity of A, (+) € (g5'/A (+)) on S*
and the uniform convergence of A\ (-) to A, (-) by Condition 2.3.1,

A2 (@™ (-)) € (g5 () /A2 (5"(+))) converges uniformly on [r,1] in probability to

Ao(72 () (g5 (4) /Aw(7* (+))).  Combining the variational representation formula
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(Theorem 3.3.6), (3.6.16), and the dominated convergence theorem, for any Lipschitz

continuous functional F' on D ([r,1] : §), we have

1
lim sup - logE,, [exp(—nF(u"))]

n—oQ

Tyn (#n ay(t) —ny L
™ v )\’U t E n(pn dt _I_ F /uL .
=limsup inf E,, Loev S A (A1) (/\u(u (t))) (")

n—oo aeA?V! = A2 (&, yn)

<limsupE,,

n—oQ

1 qA
[ e (s ) e Ft s = A a)

T wey

[ St o (20

veY

Ey

IN

E, [IY (v) + e+ F(v*)]

STV(y) 4+ F(y) + 2

for all A sufficiently small, where the last inequality follows from the continuity of F,

and the fact that sup,c(, 1) HWA (t) —~ (t)H — 0 as A — 0. By the Markov property,

the LDP lower bound follows from Lemma 3.6.3 and Proposition 3.6.5.

3.7 The Locally Uniform LDP

We now turn to the proof of Theorem 3.1.15. Fix t € [0, 1]. As shown in Corollary
3.1.11, one can express the rate function J; of {y" (t)},cy in terms of a variational

problem. In what follows, fix z € S and {z,}, . such that z,, € S,, and ||z, — z[| — 0

as n — Q.
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3.7.1 Proof of the upper bound
Given any € > 0, recall that B (x,¢) denote the Euclidean ball centered at x with

radius e. For n sufficiently large such that z,, € B (x,¢), by the LDP upper bound

stated in Corollary 3.1.11,

1 1 _
limsup —log P (u" (t) = z,) < limsup—logP (p" (t) € B (z,¢))
n—oo T n—oo N
< _jt6 (:u(b I) )

where we define

Ji (po, ) = inf {I; (y) : v € D([0,1] : §), 7 (0) = po, v (t) € B(z,2)}.  (3.7.1)

To prove the upper bound, it suffices to show that
lim ionf JE (o, ) > Jy (o, ) . (3.7.2)

Lemma 3.7.1. Assume Condition 3.1.14.1) holds. Then there exists a function

c:[0,00) — [0,00) such that
i). c(e) = 0 ase — 0, and

it). given any € > 0 and x,y € S such that ||x —y|| < €, one can construct a
path v € AC ([0,¢] : S) such that v(0) =z, v(¢) =y, and J. (x,y) < I. (7) < c(e),
where I, J. are defined in (3.1.5), (3.1.9), respectively.

Before proving Lemma 3.7.1, we first describe how it can be used to prove Lemma

3.1.16 and (3.7.2).
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Proof of Lemma 3.1.16. For any € > 0, take ¢ > 0 and v € AC ([0,¢] : §) such that
v(0) =z, v(t) =y, and I, () < V (2,y) +¢/2. Given § > 0, and any ¢y° € S
such that Hy5 — yH < 6, by Lemma 3.7.1, there exists a path v € AC ([0, 9] : §) with
v (0) =y, v(§) = y° with I5 (v) < c¢(§). Let 4 be the concatenation of v and v.

Then we have
V(%yé) <Liys(V)=L(y)+ 1 (v) <V (r,y)+e/2+c(9).

It suffices to choose § such that ¢(d) < €/2. The other inequality (and the joint

continuity with respect to both variables) are proved in the same way. O

We can complete the proof of the locally uniform LDP upper bound as follows.
For 6 > 0, pick v € AC ([0,1] : 8) such that 7 (0) = uo, v (t) € B(x,¢), and I; (7) <
JE (o, z) + 0. By Lemma 3.7.1 there exists a path v € AC ([0,¢] : S) with v (0) =
v(t), v(e) = x with I. (v) < c(g), where c(¢) — 0 as ¢ — 0. Let 5 be the
concatenation of v and v. We now rescale 7 to obtain a new path: for ¢ = (t + ¢) /t,
define 7, € AC ([0,t] : S) by 7. (s) = ¥ (¢s), s € [0,t]. Then 7. (0) = po, 7 (t) = .
Moreover, by Proposition 3.5.8, for € sufficiently small, ; (3.) < I;+- (7) 4+ 6, and by

the construction above,
T (po,2) < I () < Tive () +0 = L (7) + I () + 0 < J; (po, ) +20 + ¢ (e).

Taking the limit inferior as ¢ — 0 and then sending § — 0, (3.7.2) follows.

Proof of Lemma 3.7.1. By Condition 3.1.14.i) and Remark 3.1.6, there exists a
strongly communicating path v € AC([0,¢] : S) such that v(0) = z, v(¢) = v,

with constant speed U < ||z —y|| /e < /. Precisely, there exist F' < oo and
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0=ty <ty <---<tp=1,such that
F
A (t) = Z Uvim 1, 1etme) (t) for ae. t €[0,¢].
m=1

Since I.(vy) = Zizl (Ite (7) = I, _se (7)), it suffices to bound each term from

above.

Recall from (3.1.11) that for any j € N, (e;,v,m) < 0. Let

by = min,,—, pminjey, [(€j,vm)| > 0. Note that for s € [t,,_1c,t,¢), and any

J € Ny v (tme) — 75 (8) = — (€, vm) U (tme — s), and thus ~; (s) > biU (tme — s).
Therefore, by Definition 3.1.12, there exist constants ¢; > 0, p; < 0o, such that for

¢ sufficiently small,

Ao (7()) = € (H % <s>> > U (te — 5"

JENm

where kK = dp; < oo and ¢; = clbcllp1 > 0. Thus, by taking ¢, = U, and ¢, = 0 for

v # Uy, in the first line below, we have

Lo ) = o B e ; ) ()\v (iv(S))>
U
< Doy (PN ———— )+ A (7(5)
! (Avm (v <s>>) Z !
< Ulog (51Uﬁ (tUg - S)ﬁ) - U+ Cy
< —(k—1)UlogU — kU log (tye — 5) — U (1 +1og &) + Cs,

for some constant Cy < oco. Therefore,

Lo () = Ty e () = / "L ()4 (s)) ds

m—1€

< —C3(U)eloge+Cy(U)e
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for some constants C3 (U) , Cy (U) such that supyep » (C3 (U) V Cy (U)) < 0o. Sum-
ming over m, we have J. (uo,y) < I.(y) < c(g), where c(e) = O (e|loge]|) as

e — 0. O

3.7.2 Proof of the Lower Bound

For the proof of the lower bound, take any € > 0 small. Then by the Markov property

for {g"}, we have

Pyo (1" (1) = xn) 2 Py (0" (t =€) € B(z,)) - inf Py, (4" (¢) = 20).

wn€B(x,e)NSy,

The LDP lower bound in Corollary 3.1.11 implies

1
liminf —logP,, (1" (t —¢) € B(z,¢)) > —J_. (o, x),

n—oo M

where

JE (o) =inf {1, (7) 7 € D([0,1] 1 8),7(0) = pio, 7 (£) € B (.2}
The proof of the lower bound will be complete if we can show both of the following:

1) lim SUP._o Jf—e (,U(), [L’) < J; (:U“(b [L’)

ii) The Local Communication Property: There exist a function ¢ : [0, 00) —
[0,00) that satisfies ¢(¢) — 0 as ¢ — 0 and is such that for all ¢ > 0 sufficiently
small,

inf Py, (1" (e) = x,) > exp(—nc(e) +o(n)).
wn €B(x,e)NSy,
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To prove the first property, we will use Proposition 3.5.8. For any 6 > 0, take
v € AC (]0,1] : S) such that v (t) = z and I; () < Ji (po, ) + 0. Take c =t/ (t —¢)
and consider the path 7. € AC ([0,t —¢] : S), such that . (s) = v(cs), s € [0,¢].
Then . (0) = po, Ve (t — ) = x. By Proposition 3.5.8, given 6 > 0, for ¢ sufficiently
small, Ic (v.) < I¢ (7) + 0, and we have

Jio (o, ) < Lo (V) = Lije (e) S L () + 0 < Ty (po, ) + 26,

and the conclusion follows by taking first € — 0 and then § — 0.

Proof of local communication property. We will use Condition 3.1.14 and Lemma
3.6.1. Fix some w, € B(x,e) N'S,, note that the probability of u"(¢) = =, is
no less than the probability that p™ hitting x,, at ¢ by passing through a given

discrete strongly communicating path ¢, that connects w, and z,.

By Condition 3.1.14, there exists F' < 00,0 =tg <t; < --- <tp =1, {vm}f;:l,
and constants ¢; > 0, ¢, p1 < 00, such that the image of ¢, is S,N{¢p (s) : s € [0,¢]},

for some ¢ € AC ([0,¢] : S) that satisfies ¢ (0) = x, and

F
b (s) = Z Uvim s, retme) (5), ae. s€[0,¢],
m=1

with U = ¢ ||z, —wy|| /e < . Also, for s € [ty_16,tpne) and large n, A7 (¢, (s)) >
ci( IT (¢n); (s))™. Let 2M = ¢, (tme—). By the Markov property

IP’wZG(/,:ZZ (e) = xn) = TP (1" ((tms1 — tm) €) = 2(™™), and it suffices to give a
lower bound for each t:rm in the product. This will be proved by comparison with an-
other Markov process Z". Thus, without modifying the notation, we let u™ () denote
the process stopped when it first leaves the set of points {¢, (s) : s € [tm-16,tme)}

For each m and t € [0, (t;+1 — tm) €), define Z™ to be the jump Markov process with
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Z™(0) = 2™, with the same set V of jump directions, and jump rates

pP1
_ ney | [ x5 if v =v,,
Mo (x) = <jeNm )
nM if ve Vv,

98

so long as Z" stays in the set {¢,, (s) : s € [tm—1€, tme) }, and with the process stopped

when it jumps off the line segment. Note that A, () bounds A? (z) from below in

the set, while nM is an upper bound on all jump rates.

Let p(t) be the probability distribution of Z" (t): for any =z € S,, p.(t) =

P(Z™(t) = x). It satisfies the Kolmogorov forward equation

where

where

By construction

Pop (1" (b1 = tm) €) = Timi1) 2 Popy (27 (b = tim) €) = Tmyr) -

(3.7.3)
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If [ is the number of points in the discrete segment {¢,, (s) : s € [time, tmi1€)}, then
by Definition 3.1.13 [ < Csne for some Cy < oo. The product of the jump rates of

Z" along this segment satisfies

p1
[, (ML) )
)}

:2€{Pn(8):SE[tme,tmt1€ JENm

where k,, = |[N,,| < d. The lower bound in the last inequality is achieved when
{bn (S): 8 € [tme, tms1€)} is a segmemt that ends up on z,,11 € 9IS, and for all
J € N, zj = 1,...,1 along the segment. Then it follows from Lemma 3.6.1 that for

¢ > 0 sufficiently small,

Pop (1" (tmi1 = tm) €) = Tmia)

2 P, (2" (tmi1 = tm) €) = Tmya)

1
= g_lcll (1) P (g = t) ) exp (=nM V] (tnsr — tm) €)
l' dp1—1
> (ﬁ) elexp (—nM |V]e)

> exp (nCaelogc + (dpy — 1) nChelog (Cae/e) + nCoeloge — nM |V|e + o(en))

= exp (dpln (028 loge + 0(5)) +o (TL)) )

where for the third inequality we used the fact that the function z — 2! exp (—nbzx)
is decreasing for [ /n sufficiently small, and for the fourth inequality we used Stirling’s

approximation.

From this, we conclude P, (u" (¢) = x,) > exp(—nc(e)+ O(e) +o(n)) with
c(e) = O (eloge), as desired. O
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CHAPTER FOUR

Markov Chain Approximation for

Quasipotentials
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This chapter studies Markov chain approximations for the quasipotential function
associated with the stationary measure of the mean field interacting particle systems.
In Section 4.1 we define the quasipotential as an optimal control problem, and state
basic assumptions that will be used in the proofs in Sections 4.2. Section 4.2 contains
the proof of a comparison lemma, which allows us to approximate the quasipotential
in a small region by solving a linear quadratic regulator problem. In Section 4.3 we
present the Markov chain approximation algorithm, following the general framework
of [29]. In Section 4.4 we construct different approximation schemes, and discuss
the method to solve the associated optimization problem. Finally, some numerical

examples are shown in Section 4.5.

4.1 Assumptions

We focus on the mean field interacting particle systems described in Chapter 2 with
K = 1. Specifically, the empirical measure process {u™ (t),t > 0} is a cadlag jump
Markov process that takes values in S,,, with its generator given by (2.2.1). We will
denote I'j; (-) and aj; (-) (which are defined in Condition 2.3.3) simply as I'j; (-) and

i (7).

Following Theorem 2.3.2, {u"} satisfies a functional law of large numbers limit

1, that solves the Kolmogorov forward equation

(4.1.1)
1(0) = po.

And by Theorem 3.1.10, {u"} satisfy the sample path large deviation principle (LDP)
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with local rate function

i d
_ 3 dij
L(x,3)= qzll%qu:ﬁ ;:1 j:EL#i i (T) ¢ (aij El“)) , (4.1.2)

for z € S and g € ATI={3 € R? : Z?Zlﬁi = 0}. Here ¢ is a d x d matrix
with nonnegative off-diagonal entries and ¢; = — Z;.l:m# ¢ij, and 1 = (1,...,1) is a

d-dimensional vector.

Fix zy € S, and let V be the quasipotential associated with {xo}. Specifically,

we define

(

Sy L (6(5).0(s)) ds: o€ AC(0,7] :S),
¢ (0) = x0,¢ (1) = 2,7 < 00

V(z) = inf

\
(

Jy £ (6(5),=0(s)) ds: 6 € AC([0,7]: 5),
¢(0) =x,¢(7) = 0,7 < 00

= inf (4.1.3)

\

We call L the running cost of the associated control problem. It is equivalent to take
the infimum in (4.1.3) over all ¢ € AC ([0, 00) : §) such that limy_.., ¢ (t) = zo, see
[10], Lemma 2.

By Lemma 3.1.16, the quasipotential function thus defined is continuous (and

thus uniformly bounded) in §. We also denote

V=supV (). (4.1.4)

zeS

Let H be the Hamiltonian which is defined to be the Legendre transform of L:
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for x € S and p € A1,
ﬁeA«H
= Z Z aij (z) (exp (pj — pi) — 1)
i=1 j=1,j7#i

The following result follows from Lemma 3.5.2.

Proposition 4.1.1. For any xz € S fized, both L (x,-) and H (x,-) are strictly convex

on A1,

For simplicity we will use the following reduced coordinates. The coordinate
transformations 7 : (z1, ..., z4) — (21, ..., 24-1) and
Ty : (21,....2q) — (T2 — 21, ..., 74 — 1) maps S and A% respectively, into

= {r € R"! 2 > 0 and Z ol "2; < 1} and R%!. Under such coordinate
transformations, for ¢ = 1,...,d — 1, one can denote ; = x;, p; = p;ix1 — p1- Then

Z,p € R¥! and we can write H as

Z Z alj (exp (pj 1 _pz 1) _1) (416)

i=1 j=1,j7#i

where pp=0. With some abuse of notation, we still denote z,p as x, p respectively,

in later sections.

Denote int(S) as the relative interior of S, and note that Z;(int(S)) is open in
R?-1. For any open set D C R™, m < d, and k € N, denote C* (D : R) as the space
of k times continuously differentiable functions on D. We will sometimes abuse

the notation, and write f € C*(int(S) : R) and g € C* (A1 :R) if foZ;!
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CHZ(int(S)) : R) and go Z;' € C*(R™':R). For f € C' (int(S) x AT : R),
we use D,.f and D,,f to denote the partial derivative of f o Z; ' with respect to
#; and the partial derivative of f o Z, ! with respect to §;. For k € N, higher order

derivatives D% and D} are defined in the same way.

The equilibrium point z( of the law of large numbers dynamics (4.1.1) satisfies

L (z0,0) = 0. In other words,

ZO&U (1’0) — Zajk (1’0) = 0, ] = 1, ,d

i k]

A direct computation gives

D, H (20,0 Z a; j+1 (o) Z Qjp1p (0) =0, =1,....,d—1, (4.1.7)
i#j+1 kAj+1

Condition 4.1.2. Assume that there is a unique unstable equilibrium point o €int(S)
of the law of large numbers dynamics (4.1.1), in the sense that all eigenvalues of the

Hessian D, D,H (0,0) has negative real parts.

In this chapter we focus on the quasipotential associated with the unique unstable

equilibrium {z}. We also assume some regularity condition on ay; (-).
Condition 4.1.3. Assume «;; (-) € C*(int(S) : R).

Remark 4.1.4. Condition 4.1.3 implies that H, and therefore its Legendre dual L,
are C3 on int(S) x At in both variables. For H, the C®—reqularity is a direct
consequence from (4.1.6). For L, this follows from the fact that since L(z,-) is
strictly convex on the closed set A1 (by Proposition 4.1.1), the supremum in (4.1.5)
is uniquely attained, and thus L has the same regularity as H (a similar arqgument

is carried out in Lemma 4.2.1 below).
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Applying Theorem 2 of [10], Condition 4.1.3 implies that the quasipotential V'
defined in (4.1.3) is C? in some open neighborhood (relative to S) of xy (which we

denote as D). We now define the region of strong regularity of V.

Definition 4.1.5. For V' defined as in (4.1.3), a relatively open set Qo C S is called

a region of strong reqularity of V if
i). Ve C?(Qo:[0,00)).

i1). For any initial condition x € gy, there exists a unique the optimal trajec-
tory ¢* in (4.1.3), that satisfies V (z) = [;° L <¢* (s), —o* (s)) ds, and the image
{¢*(s) : s €[0,00)} C Q.

For general definitions and properties of region of strong regularity, we refer
the reader to [19], Section 6.7. As shown there in the case of small noise diffusion
problems, the relatively open set 2 is connected, contains some neighborhood of g,

and is also dense in S.

The optimal control problem (4.1.3) that defines the quasipotential V' can be
associated with the solution of a Hamilton-Jacobi-Bellman equation. V' can be char-

acterized (cf. [10], Section 3) as the maximal viscosity subsolution to the PDE

H(z,DV (x)) = 0, for z € S\ {zo} (4.1.8)

V(l’o) = 0,

where DV = (DmIV, e D%HV), and H is understand as in (4.1.6). Restricted to o,
V is a classical (C?) solution to (4.1.8) with a local minimum at xo (Corollary 5 of

[10])-
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4.2 A Comparison Lemma

In this section we provide a comparison lemma for two quasipotentials. We will con-
struct an approximation of the quasipotential (4.1.3), denoted as V(? in a neigh-
borhood of xy, by taking the approximated running cost associated with the same
exit problem. The approximate quasipotential can be solved explicitly using linear
quadratic regulators. Later in Section 4.3 we will construct a discrete approxima-
tion of the solution to (4.1.8), and in particular its boundary value at xy will be
approximated by V@ in the intersection of the lattice and a ball contains xo. In

what follows we assume all the conditions stated in Section 4.1.

By Condition 4.1.3 and (4.1.6), we see that H (z,0) = 0, and
DEH (2,0) =0, k=1,2 (4.2.1)

for any x €int(S). Thus, recalling (4.1.7), for (z, p) near (x¢, 0) we have the following

expansion:
1 1 1
H@p) = gptAp g (o= Bpt gp"BY (@ = 20) + O (e = woll "+ IplF)
1
= §PTAP + (z — 20)" Bp+ O (||z — zo|® + [[p||*) , (4.2.2)

where, using (4.1.6),

Alj = DpiDij (l’(], 0)

d d r .
. Zk:l,k;ﬁi—l—l ki1 (o) + Zk:l,k;ﬁi—i—l Qiy1k (vo) if i =j, (4.2.3)

—iy141 (To) — g1t (To) if i # J,
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and
Bij = DmiDij (1’0,0)
d d
0 0
— Z Tak,j—l—l (1'0) - Z Taj-l'lvk (1’0) . (424)
k=1,k#j+1 L k=1kAj+1 "

Since H (z,-) is strictly convex on A%l by Proposition 4.1.1, A is a positive

definite matrix. Define
@ g T
H'® (z,p) =50 Ap + (x — 20)" Bp.
The Legendre transform of H® takes the form

L@ (z,8) = sup {(@@ - (EPTAP + (=) Bp)]

peAdfl 2

BT AT G- BT ). (429

for x € S and f € A%'. We claim that L® is the true quadratic approximation of

L, in the following sense.

Lemma 4.2.1. There exists ¢ > 0, such that for any (z,3) € S x A%t with
lz = zol| <& and ||Bl| < &, L(z,8) = L& (z,8) + O (|x — ol + |IpI°)-

Proof. By taking € smaller if necessary, we can assume without loss of generality that
r €int(S). By Remark 4.1.4, L € C3(int(S) x A?"! : R). It suffices to show that the
partial derivatives of L and L(®) at (¢, 0) are equal up to the second order. It is clear
from the definition of the equilibrium point that L (xq,0) = L® (24,0) = 0. Since
L (x,3) =sup, ((3,p) — H (x,p)), the fact that H is strictly convex in p (Proposition

4.1.1) implies that the supremum is attained at some unique p* = p* (z, 3). By the
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implicit function theorem, the strict convexity of H (x,-) and the fact that H is C?
in both variables (Remark 4.1.4), p* is C? in both variables, satisfies p* (zg,0) = 0
and

DyH (x,p" (z,8)) = B, for (x,5) € int(S) x A,

Using the fact that

L($>ﬁ) = <ﬁap* ($>ﬁ)> - H(l’,p* ($>ﬁ))

and DH (z(,0) = 0, we obtain

D,L(x9,0) = D,L(x0,0) =0,

DimL ($070) = _DimH ($0>0)7
D2,L(20,0) = —D2,H (0,0) (D2, H (20,0)) ",
-1
D23L (20,0) = (D2,H (x0,0))
And similarly,
D,L® (24,0) = D,L® (,0) =0,
DimL(z) (I07 0) = _DimH(z) ($0> 0) )
-1
D2,L®) (29,0) = —D2 H® (20,0) (D2, H® (20,0))

-1

D3,LP (30,0) = (D2,H® (2,0))

The claim then follows by noting that the partial derivatives of H and H® at (zg,0)

are equal up to the second order. O

Note that V (z¢) = 0. Since H (z0,0) = 0, H (xo, ) is nonnegative and strictly

convex, H (xg,p) = 0 if and only if p = 0. Therefore within a neighborhood of z(, V/
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is C% and DV (x9) = 0 by (4.1.8). One can then expand V near g as
V (2) = (x —20)" P(x—20)+ O (|]x —x0?) . (4.2.6)

Since (xo,0) is an unstable equilibrium for the corresponding Hamiltonian system,
P is a symmetric positive definite matrix (see Section 4 of [10]). We are interested
in obtaining the second order approximation of V near zg, i.e. in identifying P in
(4.2.6). Define V) as the solution to the same exit problem as in (4.1.3) but with

the running cost L(® instead of L:

Jy L2 (6(5),—d(5)) ds: o € AC((0,7]: S).
¢(0) =, ¢(7) = 2o, 7 < 00

V@ (z) = inf (4.2.7)

Substituting the expression for L® from (4.2.5), we can rewrite V?) as

T1 T -1 A _RT (4 _ _
VO () = it d 10 su(s)” A7 u(s)ds : ¢ B (¢ — ) — u, | (428)

¢(0) :$7¢(T):$O>T<OO

This is the control problem associated with the linear quadratic regulator, which is
known to admit an explicit solution. Specifically, it is known (see e.g. Chapter 8.2
of [37]) to be a quadratic function V@ (z) = ( — x0)" P (z — 2¢), = € S, with P

being the maximal solution of the algebraic Ricatti equation,

BP + PBT +2PAP =0, (4.2.9)

where A and B are defined in (4.2.3) and (4.2.4), respectively.

In the next theorem, we show that P = P, and V® is indeed the second order

approximation of V.
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Theorem 4.2.2. There exists 6 > 0, such that for any ||z — xo|| < §, we have

}V V(2 }— (|:E—:B0|| )

Proof. Since DV (z) = 2P (x — z9) + O(||z — x0||?), substitute the expansion of

Hamiltonian (4.2.2) into the Hamilton-Jacobi equation (4.1.8), we obtain
(x —20)" (BP+ PBT + 2PAP) (x — x9) + O (||z — xo*) = 0,
and therefore
BP + PB" 4+ 2PAP = 0. (4.2.10)
The maximality of P in (4.2.9) therefore implies V (z) < V® (z) + O(||z — o).
To prove the other inequality, for y in some neighborhood of xy, (4.1.8) and

the definition of H via (4.1.5) implies the optimal velocity 5* = * (y) is uniquely

attained, and satisfies

(DV (y),6%) = L(y,5") = 0. (4.2.11)

And the optimal path ¢ of (4.1.3) takes the form

pt) = =07 (p(t), (4.2.12)

e(0) = =

By the implicit function theorem for vector valued functions, 3* (+) is at least C? in
a neighborhood of x, §* (z¢) = 0, and near x it admits Taylor expansion §* (y) =

E (y — 20) + O(|ly — xo|*). Now recall the quadratic approximation of L near (g, 0)
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in (4.2.5). Looking at the O(||z — zo||*) term in (4.2.11), one obtains
_ 1
E"P+ PE — 3 (E" —B)A™" (E-B") =0.

Using (4.2.10), we see that £ = BT + 2AP solves the above algebraic equation. To
see the solution is unique, take £ = BT +2AP + X in the above equation, an we

obtain %XA‘lX = 0, the positive definiteness of A thus implies X = 0. Therefore,

B (y) = (BT +2AP) (y — z0) + O(|ly — zo]*).

Note that U (z) = (z — zo)" P (x — x) is a Lyapunov function to (4.2.12). In

fact, there exists d, co > 0, such that for any ||¢ () — zo|| < 6,

SU@W) = (p(t)— o) (~BP— PBT —4PAP) (o (1) ~ n0)

+ O (lle () = o)

= —2(p(t) — 20)" PAP (¢ (t) — z0) + O (¢ (t) — o)

IN

—co [l (£) — ol

Where we use (4.2.10) to obtain the second equality, and the strict positive defi-
niteness of PAP to obtain the last inequality. Also, the strict postitive definite-
ness of P implies there exists K1 > 0 and Ky < oo such that K|y — zol|* <
U(y) < Ky|ly — xo||>. Applying a version of Lyapunov exponential stability the-
orem for quadratic Lyaponov functions (see, e.g. Theorem 3.4 of [32]), there ex-
ist ¢ = C1(5),0Cy = Cy(0) > 0, C3 = C5(9), such that for ||z — x| < 0,
| (t) — z0]] < Cy||lo — 20l €72t and ||¢ ()]] < O3 ||z — x|l e~¢2t. Taking this so-

lution to be the control picked in (4.2.8), we obtain constants Cy, C5 < oo, such
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that
VO < [0~ e)ds
< [T =06 +Culle® — ol + l (0I)] ds
< V(x)+Csllz — x| /OOO e 302t ¢
— V(a:)+3gc‘?2||a:—a:0||3.
O

4.3 Markov Chain Approximations

We now adapt the methods in [29] and [4] to construct a discrete approxima-
tion to the solution of the optimal control problem (4.1.3). Following [4], we con-
struct value functions defined on lattice approximations of &, that solve discrete
analogs of Hamilton-Jacobi-Bellman equations. Before describing the construction
we point out the special features of the model that did not appear in [29] and
[4]. First, the set of all possible jump directions of the Markov process (2.2.1) is
V={e; —e;:i,j=1,...,d,i+# j}, which is different from the usual nearest neighbor
random walks on square lattices. Second, the boundary for our exit problem is the
singleton {xo}. We take a sequence of sets B" C 8" (that shrink to {zo} as h — 0)
to approximate this boundary, and assign the boundary conditions on B" by the
quadratic approximation V(?) studied in the previous section (which can be obtained

by solving (4.2.9) for its Hessian). These differences will affect our construction of

the Markov chain approximations and the convergence proof.

We now construct a discrete time, discrete state controlled random walk that
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approximates the dynamics —¢ = u as h — 0.

For h > 0, we consider the controlled Markov chain &"* with state space S"=hZN
S. Since by taking an affine map S maps to some S C R?!, S” can also be identified
with hT? ! NS, where T?! is the d — 1 dimensional triangular (simplicial) lattice.
Also, define B" = {z € 8" : ||z — zo|| < Coh'/?}, where Cy < oo is a constant to
be chosen, and since it will not affect the convergence rate of the algorithm, we set

Co = 1 for simplicity.

The control space and dynamics can be described as follows. In the limiting
calculus of variation problem (4.1.3), the control takes value in measurable functions
on [0,00). In discrete time formulation of the Markov chain approximation, for fixed
h > 0, we work with time and state dependent controls {u} (z) : j € N,z € S"},
with u? (+) taking value in the control space A%~!. One can construct the controlled
random walk using different class of controls. We choose to work with feedback
controls, because it is simple, also because the state space S” is finite, and the running
cost L is strictly convex (thus grows superlinearly) in the control, the optimal control
sequence for our discrete value function (introduced in (4.3.6) below) is uniquely

attained.

Given the feedback control {u” (-)}jen, we can define a discrete time controlled
random walk &". Namely, for j € N, §§L+1 is obtained by updating §§L with transition
probability p( jh,y|u?(§Jh)), the time interpolation At"( Jh,u?(fjh)) According to

29], p" and At" should be chosen to satisfy the local consistency relations:

thph (z,2 + holu) = uAt" (z,u), (4.3.1)

veY
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and

Z | v — uAt" (z, u)Hzph (z, 2 + hvlu) = o (||ul| At" (x, u)) . (4.3.2)

veY

Take a subset V* C V, so that A% can be decomposed as union of cones C;,
each of which is generated by d — 1 linearly independent vectors in V*, which we

denote as B;:

Ci:{ueAd_l:u:chv,chO}.

vEB;
We also require these cones are minimal, in the sense that for any v € V*\B;, v ¢ C;.

Given u belongs to some C;, u can be written uniquely as a linear combination

u = Z Uy (4.3.3)

vEB;

for non-negative {u,} and we set u, = 0 for v € V\B;. One natural choice of

vEB;?

(ph, Ath) is to set

”Zﬁ ify=x+hv,veB;
L , foru e, (4.3.4)

0 otherwise

P (x,ylu) =

where |lull; =) oy %y, and

At" (u) = (4.3.5)

lull,

Let D ( [0, 00) : Rd) denote the space of cadlag paths in RY. Equipped with the
Skorohod metric, this becomes a complete separable metric space. One can also
take a continuous time interpolation, so that {€}jen, {u} (-)}jen become elements
of D ( [0, 00) : Rd). They can be constructed recursively as follows. At ¢t = 0, take
§h(0) =& € 8" u"(0) = u (&) € A, and set At" (uft) by (4.3.5). For s €

0, At" (ul)), define & (s) = & and v” (s) = ul (¢%). Suppose for some k € N,
0 0 0 \So
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1=

{glh}igk—l and {u?}igk—l have been defined, we set t; = Z'.f_ol At (ul (€1)). At ty,
update the value of " (denote as £)') using (4.3.4) with the control u}_, (f,’;_l), and
denote u" (t;) =uf (f,?) Let tgy 1 = Zf:o Ath (u? (flh)), and for s € [ty, txt1), define
" (s) = & and u” (s) = uf! (&). We will switch between the discrete and continuous

time description of ¢” and u”, whichever is more convenient.

Given a feedback control {u} (-)}jen and a controlled random walk {"}jen, we

can decompose the random walk into a drift part and a local martingale with mean

Zero: 61? =E (€Z|UZ_1 (62—1)) + mZ, where E (€Z|UZ_1 (51?—1)) = th—1/ HUZ—IHl'

Now consider the following optimal control problem on S*. For x € B", we set
Vh(z) = V@ (z). For x € S"\ B", the value function is defined by

h

/T L(g" (s), —u"(s))ds + VE(E ()|, (4.3.6)

0

Vhi(z) = inf E,
uhGD([O,oo):Adfl)

where E, denotes the expectation conditioned on &"(0) = z, and the exit time

mh =inf {s: " (s) € B"}.

It is shown in [4], Section 3 (see also Chapter 5.8 of [29]), that V" solves the

discrete dynamic programming equation

Vhi(z) = iilf th (z,2 + holu) V" (2 + o) + L (z, —u) At" (u)| ,z € S"\B",
ueAt veV
Vi) = V@ (), z e B, (4.3.7)

where p" and At" are given by (4.3.4) and (4.3.5), respectively. This is our starting
point for numerical approximations. Note that the discrete dynamic programming

equation also holds when z is on 9S.
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V" can also be interpreted as a solution to a discrete HJB equation. For u € A4,
let {uy},cy be given by (4.3.3), and we define D! to be the weighted finite difference

operator, given by

ho) —
Dif(a) = S u, L EFR) =@ oo,
h
veV
for every bounded function f : S* — R. Then, subtracting V" (x) from both sides

in (4.3.7), and dividing by At" (u), one obtains

0 = inf [DIV"(z)+L(z,—u)], zeS"\B" (4.3.8)

ucAd—1

Vi) = V@ (), z e B"

4.4 Numerical Approximations

We now construct numerical schemes for the Markov chain approximation that satisfy
local consistency properties (4.3.1) and (4.3.2). The controlled random walk should
be defined in such a way that the transition probability has a simple expression, the
dynamic programming equation (4.3.7) can be explicitly solved, and the data can
propagate quickly from the boundary. We discuss below two choices of controlled

random walks that satisfy these criteria.

Note that in the problem (4.3.7) there are two layers of infimization: the first
infimization is over all the controlled jump rates (in the definition of L (z, —u) in
(4.1.2)) that lead to a given drift vector u, the second infimization is over u € A1,
We start with a lemma that simplifies the problem into a single infimization over the

controlled rates.
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Lemma 4.4.1. For any h > 0 and z € S",
. h h h
uelil;*l [va (x,z+ ho|lu) V* (x + hv) + L (z, —u) At" (u)| (4.4.1)
IS
_ _ h
— {au}é{éfm . {Zp <:E,:E + hv| — vezvvav> V" (z + hv)

<; ol ( )) At < ; ”“v) } : (4.4.2)

Proof. Recall that L (z,—u) = inf(z,1:—u=s"va, D peyp O (T) E( ay ) For any fixed

ay(z)

u € A% since the function {a,} — > o aw(z)€ (af(“m)) is strictly convex on
[0,00)V!) the infimum in the definition of L (z,—u) is uniquely attained at some

{@; (z,u)} € [0,00)! such that —u =Y, _,, va;. Therefore,

th (z,2 4+ ho|u) V" (x 4+ ho) + L (z, —u) At" (u)

veV
vezvp (x,z+ holu) V" (z + hv) + <vezvav ( ($))>At (u).

Taking the infimum over u € A?"! one obtains the left hand side of (4.4.1) is greater

than or equal to the right hand side.

To prove the other inequality, take any {@,} € [0,00)"!, and let u € A% be

given by —u =" ,,vG,. Then we have

th (2,2 + hvlu) V" (x + ho) + L (z, —u) At" (u)

veV
vezvp (x,z+ holu) V" (z + hv) + <vezvav ( (a:)))At (u).

Infimize over all {a,} € [0,00)!V!, one obtains the reverse inequality. O
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We next state a result which gives the structure of the minimum of the opti-
mization problem (4.4.1). The strictly convexity and uniform superlinear growth of
L (z,-) implies the local minimum of (4.4.1) is uniquely attained, and is also the

global minimum. We start with a result in convex analysis proved in [4].

Lemma 4.4.2 (Lemma 7.1 of [4]). Let g : [0,00) — R be strictly convex and satisfy
g(0) > 0 and limg_ g(2) /z = co. Then there is a unique point x € (0,00) that
achieves the infimum in inf,>o g (2) /2. x is also the unique local minimum of the

map z — g (z)/z.

Lemma 4.4.3. There exists a unique local minimizer of the optimization problem

(4.4.1), which is also the global minimizer.

Proof. For z > 0, define

g(z) = inf z [Z P (2,2 + holu) VP (2 + ho) + L (z, —u) At" (u)

u€A—1:||u||, =2
=" | &5

= inf [Zv u, V" (z + hw) + L (x, —u) h] )

u€AI=1:|ul|, =2

where we used the definition 4.3.4 and 4.3.5 to obtain the last equality. By Proposi-
tion 4.1.1, we see that g is the minimum of a strictly convex function subject to an
affine constraint, which is itself strictly convex. Moreover, for fixed z, there exists
a unique u* € A% ||u*||; = 2 such that the minimum is attained. For z ¢ B",
g(0) = L(x,0)h > 0. The superlinear growth of L (see Proposition 3.5.4) im-
plies that limy_.. g (2) /2 = oco. The conclusion then follows by applying Lemma

4.4.2. U
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4.4.1 Tterative solver: The widest neighborhood structure

We employ Gauss-Seidel iterative method to solve the dynamical programming equa-
tion (4.3.7) (see Section 4.5 for more details). By Lemma 4.4.3, if one can find a
local minimizer to (4.3.7), it gives the global minimum. The strategy to solve the
minimizer in (4.3.7) or (4.4.2) is to solve the infimization in each cone C; (introduced
in Section 4.3), and then minimize over all cones. To put it in more detail, the
first step is to consider the relative interior of a cone, and look for local minimum
as if there were no constraints. We will do this computation in Section 4.4.1 and
4.4.2. If the infimum of this problem is finite, some nonnegativity constraints are
tested for each candidate minimizer. If these constraints are satisfied, then a local
minimum is found. If none of the candidate minimizer satisfies the constraints, then
the unique minimizer must be on the boundary of one of the cones. We then search
these boundaries that form lower dimensional (d — 2,d — 3,...) hyperplanes of R%
The procedure ends by searching through all the lower dimensional boundaries until

the local minimum is found.

We now focus on the optimization problem (4.4.2) inside a given cone. Different
choices of V* lead to different {C;} (which we call "neighborhood structures”), and the
choice should balance the tradeoff between the explicit solvability of the infimizer in
(4.4.2), and the number of constrained minimization problems that must be solved as
dimension grows. We present below two different neighborhood structures in Section

4.4.1 and 4.4.2.

We start with a neighborhood structure with the widest possible cone, so that
boundary data can propagate quickly through the iteration. The disadvantage of

this approach, as we will see below, is that the infimization problem becomes more
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complicated as d gets large.

Take a set of vectors (wy, ..., wq) = (e2 — €1, €3 — €3, ..., €1 — €4), so that any d — 1
of them form a basis for A?"!. For any z € S"\B" take V*={w;:i=1,...,d}.
Since V* C V, for each v € V*, we use a;; to denote a, in (4.4.2) if v = e; —e;. Given

u € A%l we can write

i=1 j=1,j7#i
d j—1 7—1 d d
= D2 | 2w )+ > ay ZW
Jj=1 =1 k=i j=1i=j+1
d—1 k d d k
= 22 2 a2 ) a | we
k=1 \i=1 j—k+1 i=k+1 j=1

Suppose u belongs to the positive cone spanned by Bi= {wy, ..., wq_1}, the other
cases can be treated similarly. Then although the choice of {a;;} in the equation
above is not unique, S2% | Z;l:k 41 Gij — S 41 25:1 a;; is uniquely determined for

k=1,..,d—1. Recalling ||u;, = >, uv, We see that

lull, = Z <Z > ay - i iam) i :i (i—j)ay.  (4.4.3)

i=1 j=k+1 i=k+1 j=1

We construct the controlled Markov chain such that for k =1,....d — 1, take

d koo k d _
D skt Zj:l Aij = D iy Zj:k-l—l i

ey

P (z, 2 + hwglu) = if 2 4 hwy € S"

and p" (x,y|u) = 0 otherwise. Also, set

AL () =
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€1 — €3

Figure 4.1: Controlled random walks using the widest neighborhood structure for d = 3
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One can check such a choice of p" and At" satisfies (4.3.1) and (4.3.2). We then

solve the following unconstrained minimization problem

inf
{ai;}

d—1 —d koo~ k d _
{Z D skt Zj:l Aij = D iy Zj:k—l—l aijv (2 + hwg)

put ey

0 iy h
*(Z > ante(5; <z>)> ||u||1}’ )

i=1 j=1j#i

where |lul|, is defined by (4.4.3), and then check if the optimal control u of each
candidate infimizer stays in the interior of the positive cone. If it does, then the
unique local minimum of the constaint optimization problem is found, and we obtain

the global minimum of (4.4.2).

Let A = |Ju||;, we introduce the Lagrange multiplier A € R and study

d—1 d ko~ k d _
{Z Zz—k—l—l Z]-l J Z 1 Z] k+1 2% Vv (l’ + h'wk) +

A

k=1

<Z S ay (a:)g(a:i(jz))> %Jr% <Z S (i—j)aij—A> }4.4.5)

i=1 j=1,j#i =1 j=1,j#i
=15

Recall that for z > 0, ¢ (z) = xlogz — 2z + 1. At each local minimum of (4.4.5), the

derivatives with respect to {a;;} are zero, which leads to:

7—1 _
STV (@ + hwg) + hlog =" — (j—i)Ah = 0, for1<i<j<d
— aij (z)
i-1 Qi
> Vi(w+hwi) +hlog—2~ — (j—i) A = 0,for 1<j<i<d
a; (2)

k=j

Thus we can parameterize for some A € R,

Qi = oy (z) U MEISVtho/h for 1 << j<d

Gy = iy (@) TRV for 1 < j < < d (4.4.6)
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Denote C' = 3¢ | Z;l:l’#i a;j (x). Substituting (4.4.6) into (4.4.4), we have

d j—1 .
1 Z .
A _Z ai; () eF—IMTA V(athwe) /b <ZV(x+hwk)>
o k=i
d j—1 y
+h Z Z aij (z) 0 (6(j—i)A+Zi:i V(thk)/h)
J=1 i=1
LS i1 i-1
+ Z Z Q5 (aj) 6(J—Z)A—Zk:j V (z+hwy)/h <Z \% (z + h’LUk)>
j=1i=j+1 —
d d y
”LZ Z aj (x ( (G—DA=3 2, V(m—l—hwk)/h)
j=1 i=j+1
h [ &s 3
A Z (J — 1) Aavj () =DM V (w+hwy) /h
j=1 i=1
d j—1
ZZO‘ =DM 23 V (@) [
Jj=1 i=1
d d
+Z Z (j —1) A () (=)A= "L V(z+hwy)/h
j=1i=j+1
d d
_Z Q ( ) (=)A= 1V(m+hwk /h—l—C
Jj=11i=j+1

For b =1,...,d — 1, define

d—b d

K, = ZZ(SJ = balﬁ V(IE—I—hwk)/h
=1 j=1
d—b d y

Ky = ZZ@—i:—baij (x) e~ 2=y V(@thwg)/h

J=1 i=1

We can rewrite

U

1 =1 j

e
Il

1 i 1 j=1

d d kK d—1 g1
Z i = Z Z aij) = Z bEK e — Z DI,
- a b=1

123
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Then (4.4.4) can be further reduced to
b d—1
—bA _ _—bA DA _bA
v ZK_ —bAe™ — e ™) + ) T K (b — ) + ¢
b=1
_ A lell K_be_b’\ + Z Kbﬁ’b)‘ C
TR e - S bl )
Minimizing this expression with respect to A, one looks for A\ that satisfies
(_ ) T ol szbeb,\) ( R T L o C) ;
(S ok e = i) beeb’\)
Take 3 = e, we then look for the positive solutions 3 to either
d—1
> KB =0
b=—(d—1)
or
d—1
Y K -C=0 (4.4.7)
b=—(d—1)

Recall {K,} are nonnegative, so the first equation has no positive root. We then
solve for the 2 (d — 1) roots of (4.4.7). Since the single variable polynomial equations
(4.4.7) has only two sign changes between consecutive real coefficients, it follows
from Descartes’ rule of signs that it has at most two positive real roots. For each
positive real root 3, one computes A = log 3, and then obtains the value of {a;;} by

(4.4.6). If the constraints

Z Z Z —1,.d—1, (4.4.8)
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are satisfied, one computes the cost

= —hlogf3,

-1 _ -1
h <_ log § _ 221 K_pe ™ + 5707 Kpet* — C)

d—1 _ d—1
by DIpe™ =307 K e

for the local minimizer.

4.4.2 Tterative solver: The narrowest neighborhood struc-

ture

Here we present another possible neighborhood structure for the iterations. Recall
that in the case of the widest neighborhood structure, for each cone we need to solve
an algebraic equation (4.4.7) with degree 2d — 2, which becomes more complicated as
dimension grows. For the following narrowest possible neighborhood structure the
corresponding equation is always quadratic, but at each z € 8"\ B" we need to solve
constrained infimization problems for a large number (grows as O (d?)) of subregions

(cones), as d gets large.

Let {éi}fzz be defined by é; = e¢; — ey, and we set &, = 0. {éa, ..., &4} forms a basis
of AL, For any x € S"\ B" take V* = V. Using the same notation as in Section

4.4.1, for v € A%! one can write

d
- aji - E dij éz .
=2 \j=1,j#i J=1,5#i

Suppose without loss of generality that u belongs to the positive cone spanned by

5 - - d d _ d _ d -
By = {é,...,éa}. Then [[ul|, = =37, (Zj:l,j;éi ji — Zj:l,j;éi aij) = D imo Qi1 —
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€1 — €2 €2 — €1

€1 — €3 €2 — €3

Figure 4.2: Controlled random walks using the narrowest neighborhood structure for d = 3
d _
) j=2 A1j-
We construct the controlled random walk such that for ¢« = 2, ..., d, take

d — d _
Zj:l,j;éi (ij — Zj:l,j;éi @ji

, if © + he; ESh,
lelly

and zero otherwise. Also, set

h
Ath (u) = —HUH )
1

Such a choice of p* and At" conforms with (4.3.4) and (4.3.5). One then needs to
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solve the following unconstrained minimization problem
d ~—~d _ d _

inf ¢y 2yt 0~ iy O V (2 + hé;)
{ai} | 5 [ully

d d Qi s h
3 e () , (4.49)

i=1 j=1,j7#i aw ($) ||u||1

and then check if the optimal control of each candidate infimizer stays in the interior
of the positive cone. If it does, then the unique local minimum of the constained

optimization problem is found, and we obtain the global minimum of (4.4.2).

Letting B = ||u||;, we introduce the Lagrange multiplier A € R and study

d <~d _ d _
{Z Zj:l,j;éi Gij — Zj:l,j;éi ajiv (z+ hé;) +
B 1
i=2
d d G I A\ d d
Z Z Qij (I)E( 2 )) =+t = Zail—ZaU—B }(4.4.10)
<z’=1 j=Liki aj(x))) B~ B |3 s

At each local minimum of (4.4.9), the derivatives with respect to {a;;} are zero,

which leads to:

—V(a:—l—héj)—l—V(:E—l—héi)—l—hloga @ = 0,for2<i,j<di#}
(]
~V(z+hé;)+hlog—2  —\h = 0, forj=2,...d
ay; ()
V (z + hé;) + hlog dit + A = 0,fori=2,....d.
Oéil(l’)

Thus we can parametrize for some A € R,

ay; = oy (z)eMVEthed/h for 5 =2 d (4.4.11)

a;1 = Q4 (l’) 6_>\_V(m+héi)/h, for ¢ = 2, ceey d.
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Substituting (4.4.11) into (4.4.9), we obtain
1 d
E Z [_alj (l’) 6)\+V(m+hej)/hv ($ + héj) + halj (l’) ¢ (6>\+V(m+hej)/h):|
j=2
d
+ Z [ozil (x) e A~V(ethed)/hy, (x + hé;) + hayy (x) £ (e_’\_v(”héi)/h)}
i=2
d d
+D N oy () eV EThE)VERE/ (LY (3 4 héj) + V (x + hé;))
i=2 j=2,j#i
‘|‘hOéij (l’) ¢ (6(V(m+héj)—V(m—l—héi))/h)ﬂ ]
Note that
h,aw (l,) E (e(V((E—l-héj)—V((E-l-héi))/h)
= ;(x) eV (@the;) =V (z+he:))/h (=V (x4 hé;) +V (x+ hé;))
_haij (l’) e(V(m—l—héj)—V(m—l—héi))/h + haij ($) ]
Thus if we define
d
K1 = Z a1j (l’) €V(m+hej)/h, (4412)
j=2
d
K2 = Z (6751 (l’) €_V(m+h6i)/h (4413)
i=2

d 4 d d
¢ = Z Z Qij ($)_Z Z Qi (i)6(V(m+héj)—v(m+héi))/h’

we can write
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And one can further reduce (4.4.9) to
h
E (—6_>\K2)\ + 6>\K1)\ — 6_>\K2 — 6>\K1 + C)
— _)\_6_>\K2—|—6>\K1—C ‘
6_>‘K2 — 6>‘K1
Minimizing this expression with respect to A, one looks for A that solves
(e_’\Kg + e Ky — C) (e_’\Kg + e’\Kl) 0
(€_>‘K2 — 6>‘K1)2 ‘
Since e Ky + e*K; > 0, one obtains
6_>\K2 + 6>\K1 —C= 0,
for which one solves
A = log a,
with
+/C? — 4K K.
oo GEVC 2 (4.4.14)

2K,

For each root A, one computes {a;;} by (4.4.11). If the non-negativity constraints
d d
Z dij — Z dji Z 0, for ¢ = 2, ceey d, (4415)
j=1,#i j=1,#i

are satisfied, one computes cost

Kg/Oé—l—OéKl - C
Kg/Oé-OéKl

h (— log o + ) = —hloga, (4.4.16)

as the local minimum.
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4.4.3 The lower dimensional hyperplanes

To summarize, in the previous two subsections we solve the infimization of (4.4.2)
in the relative interior of each cone. The method is to use Lagrange multipliers to
first solve the corresponding unconstrained problem, and then test the nonnegativity
constraints ((4.4.8) or (4.4.15), depending on the neighborhood structure) for each
candidate minimizer. If none of the candidate minimizer satisfies the constraints,
we will then need to search lower dimensional boundaries of the cones, until a local

minimum is found.

On each lower dimensional boundary, we need to solve a constrained optimization
problem, with additional affine constraint added to (4.4.2). If we still use Lagrange
multiplier, the calculation of the local minimum is very complicated, especially when
the dimension gets further lower (which adds more constraints). In this subsection
we discuss solving the constrained optimizations on these lower dimensional hyper-

planes, using the results in Section 4.4.1 and 4.4.2.

We show that, for £ = 1,...,d — 2, to determine candidate minimizers of (4.4.2)
on some k dimensional boundaries, it suffices to use jointly the candidate minimiz-
ers of (4.4.2) in the relative interior of a cone, and the solution of certain algebraic
equations. The advantage of this approach, is that solving the roots of algebraic
equations can be implemented much more efficiently than solving constrained opti-

mization problems, especially in high dimensions.

To illustrate, let us assume for now that we use the narrowest neighborhood
structure for the interation described in Section 4.4.2 (the other case can be treated

in the same way). Suppose we need to solve the constrained minimum on a d — 2
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dimensional boundary of the positive cone generated by {és, ..., é4}. For i =2, ....d,
denote u; = Z;l:u 4i Qi — Z;l:u 4i @ji, and suppose the boundary is given by

{u EAT iy >0, ug1 > 0,ug = 0}. We need to solve

d
inf E (z,2 + hé;|u) V" (x + hé;) + L (x, —u) At" (u)
u€A iy, ug_1>0 —
ud=0 -
- .
= inf Vh(z+ hé;) + L — 1, 4.4.17
ety P )+ Lz ~u) ||u||1] @4.17)
Ug=

If we solve the corresponding unconstrained infimization problem, the candidate

minimizers are given by (4.4.16).

We now claim the following result. By changing the value of V" (x + héy), to a

particular value V* (if it exists), then (4.4.17) equals to

d—1

Y yh (4 hé) +

inf
u€Ad—1liyy, ..., uqg—1>0 i=2 ||u||1

e 4 L (2, —u) (4.4.18)

h
|| ||1 ey

Note that (4.4.18) can be solved using the results in Section 4.4.2. First obtain the
candidate minimizers of the unconstrained problem by (4.4.14), and then check the
nonnegative constraints us, ...,ug—1 > 0. The value of V* is determined by jointly

solving the algebraic equations

\ C+C?— 1K |K,

© = 2K, ’

where {a;q (A, V*)} and {a;q (A, V*)} are specified by (4.4.11), K; (V*) and K, (V*)
are given in (4.4.12) and (4.4.13).

To see the claim is true, note that for each such solution V*, any candidate
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optimal control u* to (4.4.18), obtained via the computation in Section 4.4.2, satisfies
uf = 0 (see (4.4.15)). Therefore the value of (4.4.18) is less than or equal to (4.4.17).

The other inequality is straightforward.

This argument works for lower dimensional (d — 3,d — 4, ...) boundaries as well:
one changes a subset of {Vh (x + héi)} to specific values, that are determined by
solving a larger systems of algebraic equations jointly, and use the solution to the
unconstrained optimization problem in a cone in Section 4.4.1 and 4.4.2. Therefore
when search the local minimizer on a lower dimensional boundary, we use the above

recipe and convert the problem into solving a system of algebraic equations.

4.5 Numerical Results

In this section, we present numerical results obtained using the Markov chain ap-

proximation algorithm described in Section 4.3.

In the actual implementation of the algorithm, iterate the dynamical program-
ming equation by
Vi (x)= inf D pM (x4 holu) V(2 + ho) + L(z, —u) At" (u) | . (4.5.1)

u€Ad—1
veY

Therefore V}h (x) can be interpreted as the minimal cost of the j—step optimal control
problem with terminal cost Vj*. If we take the initial data V", such that for x € B",
Vi (x) = V@ (2), and V! (r) = oo for z € S"\B", then the optimal control is
forced to move toward the boundary set B" quickly, and thus the boundary data can
be learned and propagated into the domain quickly. Moreover, the optimal control

interpretation implies that V}h (x) is monotone decreasing in j, and converges to the
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maximal solution of dynamical programming equation (4.3.7).

As is described in Section 4.2, the quadratic approximation V® can be obtained
by solving the algebraic Riccarti equation (4.2.9) for its Hessian. We use the Matlab

build in function to obtain the maximal solution of (4.2.9).

We choose the initial condition to be

V@ (z) xe€ B
M  zeS"\B"

where M € (V,00) is a very large number, so that the iteration (4.5.1) converges

quickly.

For simplicity, we restrict our numerical example below to the case d = 3, and
embed S C R? into G={(x1,72) : 71 > 0,29 > 0,21 + 7o < 1} by taking an affine
map. We also focus on the nearest neighborhood structure described in Section

4.4.2.

We use Gauss-Seidel iterative method for our numerical experiments. The Gauss-
Seidel iteration goes as follows. During the first iteration, we enforce the value
function to be less than or equal to M by letting

V' (z) = inf th (z,2 + holu) Vi (x + hv) + L (2, —u) At" (u) | A M.

u€Ad—1
veY

Suppose the value {V;h (a:)} was assigned to each z € S, at the (j + 1)th iteration, we
proceed by sweeping through the grid along six possible jump directions in counter-
clockwise order (such as sweeping successively along the direction ey — €1, e3 — ey,

€3 — eg, €1 — €9, €1 — €3, €3 — e3). During each sweep, we update sequentially the value
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at x € 8"\ B", by solving (4.4.2), and the new value will be substituted immediately

for calculating (4.4.2) at the neighboring points.

Example 4.5.1. The first ezample we study is a non-interacting n—particle system
with 3 states, in the sense that we set Flljn (+) = 1 in the generator (2.2.1). The

corresponding quasipotential satisfies the Hamilton-Jacobi-Bellman equation

3 3
ov oV 111
i = -2 = 5 979’ o
>3 wen (g g )2 = e {(353))
(L) <
333

which reduces to

1 (6D11V + 6D12V) Ty (6D12V—D11V + 6—D11V) .
r€G\(33),
+(1— 21— x9) (eDZIV_DZZV + e‘Dsz) —-2=0
11y _
V(z3) =0,
by taking the affine map that maps S to G.

The quasipotential of this problem admits an explicit solution (see also (5.9) of

[14]) ;
V (z1, 29, 3) = ZIZ log z; + log 3.

i=1
V' is a smooth function on any compact subset of int(S). Its derivative became
unbounded (has logarithmic singularities) when approaching the boundary. As can be

seen from the numerical experiment below, the highest error occurs on the boundary.

Let Gy = {x1 > 0.2,29 > 0.2, 1 + 25 < 0.8} be a compact subset of G. Let G" =
GNAT? and G = Gy NhT?, where T? is the two dimensional triangular lattice. Set

M = 99. The numerical results are shown in the table below.
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Table 4.1: Maximal error table of Example 4.5.1

n = 1/h | Max Error in G} | Max Error in G"
10 0.06 0.1512
20 0.0306 0.1160
30 0.0205 0.0927
40 0.0155 0.0772

$

S
S

S
RS

o
S

KX

X
R
3
\;

>
N
\

R
\

X
\

50

Figure 4.3: The graph of V" for h = 1/40 of Example 4.5.1
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Figure 4.4: Numerical errors for h = 1/50 of Example 4.5.1

Example 4.5.2. We now study the Glauber dynamics of Curie-Weiss-Potts model,

described in Example 2.4.2.

It is known that the Curie-Weiss-Potts model has a phase transition behavior.

There exists B. < 0o, called the critical inverse temperature, such that for 8 < 3., the

Markov process defined by (2.2.1) has a unique stationary distribution at d(1/31/3,1/3)-

For d = 3, . = 4log2 (see [8]). In other words, (1/3,1/3,1/3) is the unique

equilibrium point of (4.1.1). In this temperature regime, the associated quasipotential

satisfies the Hamilton-Jacobi-Bellman equation

33
x; exp (—[fx;) 8_V B 8_V B
2. 2 S h1 exp (— ) (exp (8%’ 8:@) !

i=1 =1,

We study numerical experiments for 3 = 0.1, and take x* = (0.2,0.2,0.6) to be

a representative point in S. Also set M = 99. Some numerical results are shown in



the table below.
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Table 4.2: The value of V" of Example 4.5.2

n=1/h | Vh(x¥)
10 0.2157
20 0.1854
30 0.1749
40 0.1697

Figure 4.5: The graph of V" for h = 1/40 of Example 4.5.2
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In [35] a class of jump Markov process with jump rates vanishing at the boundary

of some set G C R? is studied. We now formulate their conditions in our settings.

Let G C R4! be the image of S under the affine map (21, ..., T4_1, 1_Zi§d—1 x;)
(1, ...,24-1). Then G is convex and compact. By Lemma 1 of [35] G satisfies an
interior cone property with parameters (g, 3): for any x € 9G, there exists u € R4™1
such that for each ¢t € (0,¢), one has B (z + tu,ft) C G. Also, G can be covered
by a finite number of open balls, and the balls can be chosen to be either centered
on the boundary, or having no intersection with the boundary. Let {B;} be such a
finite cover, Lemma 1 of [35] shows that one can fix the vectors u of the interior cone
condition to be some constant u; in each region B;. Moreover, there exists v such

that if d (x,0G) < 7, then d (z + tu;, 0G) is monotone increasing for ¢ € [0, ¢].

In [35] they study the jump Markov process with generator

LN @ =n A @ |7 (o4 50) =7 (@]

veY

Recall the definition of C {u;} in (3.5.3) as the cone generated by {u;}, and denote

Co=C{v:veEV,).

In [35] the following condition is assumed for the proof of LDP.
Condition A.0.3. The rates and jump directions satisfy the following.
A. There exists a constant Ky such that for all v € V, |\, (x) — A\, (y)] <

K, ||x —yl||. Moreover, the rates can be extended to a § > 0 neighborhood of G,

so that the Lipschitz property still holds.
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B. For each x € 0G, there is an €1 > 0 so that y € C, together with ||y|| < &1

implies x +y € G.

C. X\ () >0 forallv €V and x € G°. Moreover, v,e,u; of the interior cone
condition can be chosen so that

uiEC{v: inf )\U(I)>’}/}

r€B;

and if x € By, d(x,0G) < 7 and X\, (x) < 7, then \, (x + tu;) is strictly monotone

increasing for t € (0,¢).

D.C{v:veV} =R

We provide a simple example of a mean field interacting particle system with
K =1, d = 3 which does not satisfy the strcitly increasing property in Condition
A.0.3.C. The following example is a natural 3 state particle system with a constant

rate of one for transitions 1 — 2, 2 — 3, 3 — 1.

Example A.0.4. Let d = 3 and {w; ()} specified by onz () = 1, aog(x) = 2,
asy (z) = x3, and zero otherwise. Then G = {(x,y):x € [0,1],y € [0,1],x +y < 1}
and V. = {e1,—ez,ea —e1}, Ay () = 1 — 21 — 29, Ae, () = T2, Aepe, () =
x1. For x = (1,0), {v:infep, Ay () > v} = {ea — e1}, and by moving along any
u; € C{ea —e1}, Ae, (x +tu;) = 0, which contradicts the monotone increasing of

e, (T + tw;) in t. Similar results hold for x = (0,1) and x = (0,0).
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Recall that h maps a controlled PRM into a controlled process, and is defined in
(3.3.6). Recall also the definitions of A?M and A?M in Definitions 3.3.5 and 3.3.2,
respectively. The claim of Theorem 3.3.6 is essentially that the additional dependence
of controls in .Zl?m on the “type” of jump is not needed, and that the variational
representation is valid with the simpler controls A?M. We recall that the controls in
.Zl?m modulate the intensity of the driving PRM in an s, z and w dependent fashion,

while the controls in A?M multiply the jump rates A7 in an s and w dependent way.

The proof of Theorem 3.3.6 will follow from Lemma 3.3.4, Lemma B.0.8 and
Corollary B.0.7 below. We start with two lemmas which elucidate the relation be-

tween elements of A?M and .Zl?'v'.

Lemma B.0.5. There ezists a map ©™ : .Zl?'v' — A?M x D ([0,1] : S) x A?M which
takes ¢ € A?M into a triple (&", i, "), such that for any v € V

1. 4" (s) = fo,\g(pn(s)) o, (s,7)dx

2. 7 (5,2) = xigecsy Hoow (a0 (@) + Liog(an (o) ()

9. it = h (AN, (0) A7)

Note that given any control ¢ € A?M, this lemma identifies a structurally simpler

control Q" € A?M.

Proof. We prove the claim by a recursive construction.

1. To begin the recursion set ty = 0, and given any ¢ € .Zl?'v', define for s > tg
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and v € V,
a0 (s) = p"(0),
A (a0 (s))
) = o (5,7) do,
0
~n,0
~n,0 Oév7 S)
o (s,x) = ——+—1 An(an0 (s (x) + Ljo, (im0 (s))]° (x).
)\ZL (,un,O(S)) (0,23 (a™0(s))] [0,A7(am™0(s))]

In other words, for s > 0 and z inside the compact set [0, A" (2™°(s))], we set ¢ to
be the average of ¢, (s, -) over the set, while for z in the complement we set p™? = 1.

We see that by construction [|¢™%]_ < [l V 1.

2. Assume now that for some k € Ny, t; is well defined,

({Qm* (s)}, {amk (s)}, {fi™F (s)}) is well defined for s € [0, 1], and

~n,k - ~n,k < ) V. 1
. HOQ[tMOO) (s,m)ES[iI,JOO)XR}SOU (5>1')} o HSO Hoo

For any t > t; and v € V, define
Bro (t) = {(s,2,7) : s € [ty, t],x € [0, \L(2"F(5))] .7 € [0,80" (s,2)]}

and

g1 = inf {t > t), such that for some v € V, N"(By, (t)) > 0} AL

We define ™ 1 on [0,1] by setting g™**! (s) = ™F (s) for s € [0, tp11]. At tgyq,

n,k+1

update [ by setting

A () = 0 ()

1 -
+ v/ /1 n( gk (s (17)/ Ligonk ooy (1) =N (dsdxdr),
Z et Iy [0z (A% ()] 0.00) et a7

veY
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and set g™F L (s) = g+t (t4) for s € [tgy1, 1]. Define

AR (kL (s)
Ak (5) = / oo (5,2 da,
0

~

N B a:}z,k—l—l (S)
Gt (sw) = o (e (s)) o 6] (%) + Lo g mser )] ()

We also have Hgbﬁ’kJ’le[tka) < ol V 1.

3. Recall M’ defined as in (3.3.5). Since N™ has a.s. finitely many atoms on
[0,1] x [0, M'] x [0, |¢s]|.], the construction will produce functions defined on [0, 1]

in L < oo steps. Then set

it (s) = @t (s), ay (s) = ap (s), @1 (s) = @yt (s), if s € [0,1].

v

Then @™ € .Zl?'v'. Furthermore, by construction

1 AN

The next lemma shows that from controls in A?M we can produce corresponding

controls in A®VI,

Lemma B.0.6. There exists a map =" : A?M — D ([0,1] : S) x A®Vl which takes
a e A?M into a pair (i", @), such that @™ = h (LN™? ™ (0),A\"), where forv eV,

P (5,@) = sty Loan () (%) + Lo pan (o)) (2):
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Proof. 1. Define ty = 0 and for any a € A?M, s >to and v € V, define

0 (s) = u(0),

-0 dv (S)
Pu(s,2) = gy toag@noe) (@) + Lopganoe () -
N (@0(s)) A0 [0.A8 (7m0 (5))]

(%

2. Assume now that for some k € N, ¢, is well defined, and that

(a™k (s), {@% (s)}) is well defined for s > ¢;. For any ¢ > t;, define
Ao (1) = {(s,2,7) s s € [t 1], € [0,0] (™"(s))] . € [0, (5,2)] }

and

tpr1 = inf {¢ > ¢ such that for some v € V, N} (Ag (£)) > 0} AL

We define ™1 on [0,1] by setting i**! (s) = @™* (s) for s € [0, t511]. At tgyq,

update ™**! by

lan,k—l—l (tk—i—l) — lan,k (tk)
1 -
+ v/ /1 n( gk (s (17)/ Lio.gk(s,2)) (1) =Ny (dsdxdr),
UGZV [trotrt1) JY [OJ\H(“ H ))] [0,00) 10,65 (s,2)] n

and set @™F 1 (s) = g+t (ty41) for s € [tgy1, 1]. Define

@yt (s,x) = stv—fgﬂ(s))l[%ﬁ(ﬁ““(s))] F Hoae o] (7)-

3. Since N7 has a.s. finitely many atoms on [0, 1] x [0, ||&,||..], the construction
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will produce functions defined on [0, 1] in L < oo steps. Then set
—n __ =n,L — _ =L
H (S)_:u (5)7301)(5)_301; (5)756[0>1]‘
Note that
_ ay(9)
Po(8:2) = S gy Horwem e (®) + Lo n ()
and " satisfies
1
n
U

The next result is a corollary to the construction in Lemma B.0.6.

Corollary B.0.7. For any {a,} € A?M given and t € [0,1], Z} (@) (t) (defined in
Lemma B.0.6) has the same distribution as A™ (&, u™ (0)) (t), where A™ is as defined

Proof. Recall that i" = =} (a). We have Z7 (@) (0) = p" (0). Given s € [0, 1], the

total jump intensity of g" (s) in the direction v is

N3 (5)) @) (s)
Py (8, dz:/ — 2 dr = ay(s
/0 (s.a)de= | X (0 (s)) (5)

which is the same as that of A™ (&, i (0)) (s). O

Lemma B.0.8. Let Ay, Ay and A be as defined in Definition 3.3.5, Definition 3.3.2
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and Definition 3.5.1 respectively. Then for F' € M, (S),

_ 1
. —n\ . =n __ - ne n n
b veY
_ 1
- . 7Y . gt — - ne n n
= nf E ;Ll(%)JrF(u ): fi h(nN 1™ (0), A )]
= inf E Z /1 N (™ (t)) ¢ (70‘”@) ) dt + F(p") : g = 27 (@)
S N PV Nz (i (1)) R

where Z™ is as defined in Lemma B.0.6.

Proof. The first equality is a consequence of Theorem 2.4 of [5]. To prove the rest
of the claim, for a € A?M fixed, let (", ) = Z" (@). Then by definition ¢ € A®IVI,

and

> [ i =5 [ (G0

veY veY

Now it follows from Lemma B.0.6 that

inf E

pEABIVI

ZLI(%;) + F(u"):p"=h (leo’,un (0), )\n)]

veY

<E|) Li(g,)+Foh (%N"@,M” (0), A”)

:vev
TR ! n(-n @U(t) —n
_E ;/0 N (i (t))f(r W(t)))dwF(u 1

The reverse inequality is proved by a convexity argument. Recall the definition of

©™ given in Lemma B.0.5. For given ¢ € A?M, let (a, @") = (07 (¢), 0% (¢)). Then
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a € A?M. By convexity of £(-) and Jensen’s inequality,

/OOO /Ole(% (s,x)) dsdx

Ap (" (s))
Z/O A (1" (s)) <m/0 (v (5>93))d93> ds

Summing over v € V, applying Lemma B.0.6 and infimizing over & € A?M we

obtain the desired result. O
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Proof of Theorem 3.4.1
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Proof. The idea is to use uniformization to represent X —Y" as a jump process with
(well controlled) small jump rates. Since A” (-), A, (+) are bounded by some constant
C, let v=|V|(C +1). Also denote q(z) = Y ,cp A () and ¢" (z) = Y, cp Ay (7).

We then define the uniformized transition matrices on S,

P(:l?,:l?—l—lv) _ )\UV(ZEXP(CE,CE):l—@

n
P (:B,a? + lv) = A (@) P (z,2) =1— a (:E)
n Y Y

And let X™, Y™ be the Markov chain on S, starting at z, and with transition matrix
P, P" respectively. Let N; be a Poisson process with rate v, and is independent of
X" and Y;". Then X}{,ﬁ,};ﬁt has the same distribution as X', Y;", respectively. It
then suffices to couple X™ and Y so that their displacement is a Markov chain with

small transition rate.

We can construct a coupling (X",Y") of X" and Y™ as follows. We define a
Markov chain on S,, x &, that starts at (z,z) and with transition probability that

for each v € V,

1 1
(x,y) — (:B + Y + EU) with probability min{\, (z), Al (v)} /v

1
(x,y) — (:B + -V y) with probability (A, (z) — A" (y))* /v

1
(x,y) — (:B, y+ EU) with probability (A, (z) — AL (y))™ /v

and stay at (x,y) otherwise. Let Z" = X" — Y™, then Z" (0) = 0, and it jumps in
some direction v € V with probability at most

Ao () = A2 (y)| /v < (Cllz —y||+0O(1/n)) /v, if the current position is x — y.
Thus X — Y;" has the same distribution as Z'=Z% , which is a Markov process

starts at 0 and jumps in some direction v € V with rates at most C ||z — y|| +
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O (1/n) for some C' < oo. And it sufficess to get an superexponential bound for

P (Supte[o,l] 12" ()] > 5)-

If Z™ were on one dimensional lattice %N this bound is implied by Theorem
3.6.1. Let W™ be a birth process on %N which jumps to the right neighbor with rate
Qowt1/n = Cx + Cy/n, for some Cy large enough, and stay at = otherwise. By the
comparison principle of ODE;, it follows that P14 (Z" (t) > ¢) < P1g (W™ (¢) > ¢) for

any ¢ > 0 and t € [0, 1]. Thus

te[0,1] tef0,1]

P1a <Sup 127 (t)] > 5) < Pu <Sup (W ()] > 5) < Pra (W™ (1)] > 6)

< @ H (Cj/n+ Ca/n)
SONETY
< (%)5 (Cy/C + n)<>/

which goes to 0 superexponentially as n — oc.

The general result follows from one dimensional path counting. For n sufficiently



166
152

large, we have

P < sup [ 2" (¢)]| > 5)
te0,1]

< P(Z" jumps at least dn lattice steps in [0, 1])
< Z P (Z" jumps k lattice steps in [0, 1])
k=dén
< Z # {lattice path in S, with length k} - Py, < sup |Z" (t)] > k:/n)
k=bn t€[0,1]
< Y @) [O/n)* (k+ C/C)PC
k=dén
< Y @a)fo/m”
k=dén
1
_ 4 2 on/2
[ C ) A2CIn’

where the last inequality follows from the fact that [C'/n]*? (k + C/C)“*¢ < 1 for

n sufficiently large. Therefore

1
—ElogIP’ < sup ||[Z" (t)]| > 5)

te0,1]

v

1 [fon 9

)
> ilogn%— Cly,

for some C3, Cy > 0. The expression goes to oo as n — 00. O
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